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PREFACE 


The primary source of all 
mathematics is the integers 


More than seven years ago, my first book on some of the Smarandache notions was published. 
The book consisted of five chapters, and the topics covered were as follows : (1) some recursive 
type Smarandache sequences, (2) Smarandache determinant sequences, (3) the Smarandache 
function, (4) the pseudo Smarandache function, and (5) the Smarandache function related and 
the pseudo Smarandache function related triangles. 


Since then, new and diversified results have been published by different researchers. The aim of 
this book to update some of the contents of my previous book, and add some new results. 


In Chapter 1, some recurrence type of Smarandache sequences are considered. These are : The 
Smarandache odd sequence, the Smarandache even sequence, the Smarandache circular seqence, 
the Smarandache square product sequences, the Smarandache permutation sequence, the 
Smarandache reverse sequence, the Smarandache symmetric sequence, and the Smarandache 
prime product sequence. It has been conjectured that none of these sequences contain infinitely 
many Fibonacci or Lucas numbers. In my earlier book, it has been shown that none of these 
sequences satisfies the recurrence relations of the Fibonacci and Lucas numbers. Here, we show 
that this result, in fact, follow from the common characteristic of these recursive sequences. 
Chapter 2 deals with two types of geometric type Smarandache determinant sequences; it is also 
shown that the results of some particular type of Smarandache determinant sequences are 
simplified with the introduction of the circulant matrices. In Chapter 3, some new expressions 
of the Smarandache function S(n) are given. Chapter 4 gives some new results on the pseudo 
Smarandache function, Z(n), including solutions of the Diophantine equations Z(n) +SL(n)=n 
and Z(n) = SL(n), where SL(n) is the Smarandache LCM function. In Chapter 4, we also 
consider the equation Z(mn) = m* Z(n), where m, n and k are positive integers. In connection 
with the Smarandache number related triangles, it is known that, if a, b and c are the sides of the 
60-degree and 120-degree triangles, then the Diophantine equations c”=a?+b*+ab are satisfied 
by a, b and c. Chapter 5 gives partial solutions to these Diophantine equations. Finally, in 
Chapter 6, some miscellaneous topics are treated. The five topics covered in Chapter 6 are 
(1) the triangular numbers and the Smarandache T-sequence, (2) the Smarandache friendly 
numbers, (3) the Smarandache reciprocal partition sets of unity, (4) the Smarandache LCM ratio, 
and (5) the Sandor-Smarandache function. Most of the results appeared before, but some results, 
particularly some in Chapter 2, Chapter 5 and Chapter 6, are new. Particular mention must be 
made of Section 6.5 dealing with the Sandor-Smarandache function. In writing the book, I took 
the freedom of including the more recent results, found by other researchers, to keep the 
expositions up-to-date. In the previous book, several open problems / conjectures / questions 
were listed, most of which still remain unsolved. In this book, we add some new open problems 
and conjectures at the end of Chapter 1, Chapter 3, Chapter 4, Chapter 5 and Chapter 6. 


I would like to take this opportunity to thank the Department of Mathematics, Jahangirnagar 
University, Bangladesh, for hosting me as a guest Professor during the Academic Development 
Leave from the Ritsumeikan Asia-Pacific University, Japan, from April to September, 2018. 


A.A.K. Majumdar 
Ritsumeikan Asia-Pacific University, Japan 


Dedicated to the Memory 
of 
My 
Departed Parents 


who were like umbrellas and canopies enveloping us 
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Smarandache Numbers Revisited 


Notations and Symbols 


F,=F(n) : The n-th term of the sequence of Fibonacci numbers 
Ln=L(n) : The n-th term of the sequence of Lucas numbers 


A=(aj) : The matrix A (of order IxJ) whose entries are aj, 1<i<I, 1<j<J 


C; < C; : The columns C, and C, (of the matrix A = (a, )) are interchanged 
R; < R; : The rows R; and R; (of the matrix A= (a; )) are interchanged 
C, >G + kC, : The column C; is multiplied by the constant k and is added to the column C; 


R; >R,+ kR; : The row R; is multiplied by the constant k and is added to the row R, 
D= |a; | : The determinant D with entries dij, 1<i,j<n 


[x | : The integer part of the real number x >0 (the floor of x) 


Z* : The set of positive integers 

m | n : The integer m divides the integer n 
S(.) : The Smarandache function 

Z(.) : The pseudo Smarandache function 


SL(n) : The Smarandache LCM function 
(Ni, No, ..., Nn) : GCD (Greatest Common Divisor) of the n (positive) integers Ni, No, ..., Nn 


[Ni, No, ..., Nn] : LCM (Least Common Multiple) of the n (positive) integers Ni, No, ..., Nn 
(m, n)= 1 : The integers m and n are relatively prime 

T, r) : The Smarandache LCM ratio function of degree r 

SL, r) : The Smarandache LCM ratio function of the second type 

SRRPS(n) : The Smarandache repeatable reciprocal function of unity with n arguments 
Frp(n) : The order of the set SRRPS(n) 

SDRPS(n) : The Smarandache distinct reciprocal partition of unity with n integers 

fpp(n) : The order of the set SDRPS(n) 

© : The empty set 


a : The binomial coefficient B = e O<k<n 


Chapter 0 Introduction 


Eight Smarandache sequences were considered in Majumdar“. They are : (1) the Smarandache 
odd sequence, (2) the Smarandache even sequence, (3) the Smarandache circular sequence, 
(4) the Smarandache square product sequences, (5) the Smarandache permutation sequence, 
(6) the Smarandache reverse sequence, (7) the Smarandache symmetric sequence, and 
(8) the Smarandache prime product sequence. These sequences share the common characteristic 
that they are all recurrence type, that is, in each case, the n—th term can be expressed in terms of 
one or more of the preceding terms. In case of the Smarandache odd, even, circular and 
symmetric sequences, we showed that none of these sequences satisfies the recurrence 
relationship for Fibonacci or Lucas numbers. We proved further that none of the Smarandache 
prime product and reverse sequences contains Fibonacci or Lucas numbers (in a consecutive 
row of three or more). In Chapter 1, we show the general result that the recurrence type 
sequences do not satisfy the recurrence relations of the Fibonacci or Lucas numbers. 


0 


We recall that the sequence of Fibonacci numbers, {F(n)}”_,, and the sequence of Lucas 


numbers {L(n) oS , are defined through the following recurrence relations : 
F(1)=1, FQ)=1; F(n+2)=F(n+1)+F(n), n21, (0.1) 
L(1)= 1, L@)=3; Lmt+2)=Lm4+l1)+L@), n21. (0.2) 
From the recurrence relation (0.1), we see that F(n) is increasing in n> 1; in fact, F(n) is 
strictly increasing in n= 2, since 
Fin + 1) — Fn) = F(n—1)>0 for all n> 2. 


Moreover, we have the following result, which shows that F(n) is strictly convex in the sense of 
the inequality. 


Lemma 0.1 : For n= 1, 
Fin +2) — Fn+1)>F(n+ 1) — F(n). 
Proof : Since for n= 2, 
F(n + 2) — Fn + 1)=F(n) > F(n—1)=F(n+ 1) — F(n), 
the result follows. m 


In a similar manner, from (0.2), we see that L(n) is strictly increasing in n 2 1, with 


L(n+ 2) —L(n+1)>L(n+ 1) — L(n) for all n> 1. 
Lemmas 0.2—0.4 give some properties satisfied by the terms of {F(n)}” , and Lin) pe ; 


Lemma 0.2 : In the sequence of Fibonacci numbers, Fok, the terms F(3n—2) and 
F(3n-— 1) are odd, and the terms F(3n) are even, for all n> 1. 


Proof : is by induction on n. From (0.1), we see that the result is true for n=1. So, we 
assume that the result is true for some integer n. Now, since 


F(3n+ 1)=F(3n)+F(3n— 1), 
F(3n+ 2) =F(3n+1)+F(3n), 
F(3(n+ 1))=F(3n+2)+ F3n+ 1). 


it follows that the result is true for n+ 1 as well, completing induction. m 
7 
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foe} 
n=l? 


Lemma 0.3 : In the sequence of Lucas numbers, {Lay} 
L(3n- 1) are odd, and the terms L(3n) are even, for all n> 1. 
Proof : is by induction on n, similar to that of Lemma 0.2, and is omitted here. m 


the terms L(3n — 2) and 


Lemma 0.4 : For all n=1, 
(1) 3 divides F(4n), 
(2) 5 divides F(5n), 
(3) 4 divides F(6n). 
Proof : Since 
F(4) =3, F(5) =5, F(6)=8, 


we see that the result is true for n = 1. To proceed by induction on n, we assume that the result is 
true for some integer n. Now, since 


F(4(n + 1)) =F(4n+3) + F(4n +2) 
=[F(4n +2) +F(4n+1)]+F(4n+2) 
=2F(4n +2) +F(4n+1) 
= 2[F(4n +1) + F(4n)] +F(4n+ 1) 
=3F(4n +1)+2F(4n), 

F(5(n+ 1)) =F(5n+4) + F(5n + 3) 
=[F(5n +3) +F(5n+2)] +F(5n +3) 
=2F(5n +3) +F(5n+2) 
=2[F(5n +2) + F(5n + 1)]+F(5n +2) 
=3[F(5n + 1) + F(5n)]+2 F(5n+ 1) 
=5F(5n+1)+3F(5n), 

F(6(n+ 1)) =F(6n +5) +F(6n +4) 
=[F(6n +4) +F(6n+3)] + F(6n +4) 
=2F(6n +4) +F(6n+3) 
= 2[F(6n +3) + F(6n + 2)] + F(6n + 3) 
=3F(6n +3)+2F(6n+2) 
= 3[ F(6n +2) +F(6n+1)] +2 F(6n+2) 
=5F(6n+2)+3F(6n+1)] 
=5[F(6n+1)+F(6n)]+3 F(6n+ 1) 
=8F(6n+1)+5F(6n), 


we see that the result is true for n+ 1 as well, thereby completing induction. m 


Let {an hs be the sequence such that 


n=l 


ai = A, anı > 10an for all n2 1 (A >0). (0.3) 


Lemma 0.5 : For the sequence fan Pa (defined in (0.3)), 
(1) anit >an, n= 1, 
(2) an+2 — An+1 > An+1 — An, N 2 1, 


(3) An+2 > antl + an, N 2 1. 
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Proof : Clearly, all the terms of the sequence {an Ve are positive. 
Part (1) of the lemma follows from the fact that 


an+1 — an> 9 an>O for all n= 1. 
Since 
an+2 — An+1 > Qan+1 > ân+1 — An, 


part (2) of the lemma follows. 
Part (3) follows by virtue of the following chain of inequalities : 
An+2 — ån > (an+2 = an+1) + (an+1 _ an) > 9(an+1 + an) > antl. 
All these complete the proof of the lemma. m 
From the proof of Lemma 0.5, we see that the inequality in part (3) holds for any sequence 
satisfying the condition (0.3). However, it should be kept in mind that the inequality in part (3) 
of Lemma 0.5 may hold true even for a sequence which does not satisfy the condition (0.3). 
Lemma 0.6 : Consider the sequence {an ra (defined in (0.3)) with A > 1. Then, 
(1) anı>F(n+1)forall n21, 
(2) amı>L(n+1)forall n21. 
Proof : First, note that 
ai2F(1)=L(1), a2>9A>F(2), a> L(2). 


The proof is now by induction on n. So, we assume that the result is true for some n (including 
all numbers less than n). Since (by virtue of part (3) of Lemma 0.5, together with the recurrence 
relation (0.1)) 


an2 — F(n +2) > [anı —F(n+ 1)]+ [an - F@)], 
by the induction hypothesis, it follows that 

an2 — F(n+ 2) >0, 
so that the result is true for n + 1 as well. 


The proof of part (2) is similar and is left to the reader. m 


The proof of Lemma 0.6 shows that the inequalities therein depend on the inequality given in 
part (3) of Lemma 0.5. Thus, the result in Lemma 0.6 may be true for a sequence not satisfying 
the condition in (0.3). 

Lemma 0.7 : Consider the sequence {an ‘san (defined in (0.3)). 
(1) Ifa 2 F(n+ m) for some integers n> 1 and m>1, then 

ani > F(n+m-+1), 
(2) If an2 L(n +m) for some integers n>1 and m>1, then 


an1 > L(n+m+ 1). 
Proof : The proofs of part (1) and part (2) are similar, and we prove part (1) only. 
To prove part (1), we observe that 


2F(n+ m)>F(n+ m)+Fn+m-—1)=Fn+m+ 1) foralln=1,m>1. 
Now, 
anı > 1Oan> 10 F(n+m)>5F(n+m+1)>Fn+m+ 1), 


and we get the result desired. m 
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Lemma 0.8 : Consider the sequence {an ae (defined in (0.3)). Let 
an+2 = F(n +m +2) for some integers n> 1 and m>1. 

Then 

(1) ani<Fn+m+1), 

(2) an<F(n+m). 

Proof : From the recurrence relation in (0.1) and part (3) of Lemma 0.5, 


0=an2 — F(n+m+2)>ans1 —F(n+m+ 1)+ an- F(n +m). 
The proof is by contradiction. So, let anı > F(n +m + 1). But then, by Lemma 0.7, 
an2> F(n+m+2), 


leading to the contradiction to the assumption. This contradiction establishes part (1) of the 
lemma. Again, if an> F(n +m), then anı >F(n +m + 1), contradicting part (a). 
Thus, we get the result desired. m 


The proofs of Lemma 0.7 and Lemma 0.8 show that, in each case, the results mentioned are 
valid only for sequences satisfying the condition in (0.3). Lemma 0.7 states that, if the n-th term 


of the sequence fan ri is greater than (or, equal to) the (n + m)-th term of the sequence of 


Fibonacci numbers for some integer m (2 1), then the (n + 1)-st term of the sequence {an pa is 
greater than the (n +m + 1)-st term of the sequence of the Fibonacci numbers. Similar result 
holds for the sequence of Lucas numbers as well. Again, Lemma 0.8 states that, if the (n+2)-nd 
term of the sequence {an Pai equals the (n +m + 2)-nd term of the sequence of Fibonacci 


numbers (or, Lucas numbers) for some integer m ( 2 1), then the n-th term of the sequence 
fan kı must be less than the (n +m)-th term of the sequence of Fibonacci numbers (or, Lucas 


numbers), and the (n+ 1)-st term must be less than the (n+ m+ 1)-st term of the sequence of 
Fibonacci (or, Lucas) numbers. 


Chapter 1 deals with eight recursive type Smarandache sequences, and it has been shown 
that none of these sequences satisfies the recurrence relation of the Fibonacci or Lucas numbers. 


Chapter 2 focuses on two types of Smarandache geometric determinant sequences, nanely, 
the bisymmetric geometric determinant sequence, and the cyclic geometric determinant 
sequence. The n-th terms of these sequences are derived. 


The Smarandache function S(n) and the pseudo Smarandache function Z(n), are the subject 
matters of Chapter 3 and Chapter 4 respectively, where we give some new results. 


Chapter 5 derives partial solutions of the Diophantine equations which arise in connection 
with the Smarandache number related (S-related and Z-related) 60-degree and 120-degree 
triangles. 


The final Chapter 6 gives some miscellaneous topics, such as the Smarandache T-Sequence, 
the Smarandache friendly numbers, the Smarandache reciprocal partition sets of unity, the 
Smarandache LCM ratio functions of two types, and the Sandor-Smarandache function. 


Some of the materials in Chapter 2, Chapter 3, Chapter 4, Chapter 5 and Chapter 6 are based 
on our previous papers, published in different journals. In the meantime, some new results have 
been found, which are also included in this book. Moreover, to keep the book up-to-date, we 
have included the results of other researchers as well, generally with simpler proofs. 


* Majumdar, A.A.K. Wandering in the World of Smarandache Numbers, InProQuest, U.S.A., 2010. 


Chapter 1 Some Recursive Smarandache Sequences 


In Majumdar, the following eight recurrence type Smarandache sequences were treated : 
(1) Smarandache odd sequence 

(2) Smarandache even sequence 

(3) Smarandache circular sequence 

(4) Smarandache square product sequences 

(5) Smarandache permutation sequence 

(6) Smarandache reverse sequence 

(7) Smarandache symmetric sequence 

(8) Smarandache prime product sequence 


It is conjectured that there are no Fibonacci or Lucas numbers in any of the Smarandache 
odd, even, circular and symmetric sequences. We showed that none of these sequences satisfies 
the recurrence relationship for Fibonacci or Lucas numbers. We proved further that none of the 
Smarandache prime product and reverse sequences contains Fibonacci or Lucas numbers (in a 
consecutive row of three or more). 


Definition 1.1 : The Smarandache odd sequence, denoted by {OS}, is the sequence 


of numbers formed by repeatedly concatenating the odd positive integers (Ashbacher®). 


The first few terms of the sequence are 
1, 13, 135, 1357, 13579, 1357911, 135791113, 13579111315, .... 


In general, the n—th term of the sequence is given by 


OS(n)=135 ... (2n —1),n 21. 
The Smarandache odd sequence satisfies the following inequality. 


Lemma 1.1 : For any integer n 2 1, OS(n + 1) > 10xOS(n). 


fo) 
n=l? 


Definition 1.2 : The Smarandache even sequence, denoted by {ES(n) } is the sequence 


of numbers formed by repeatedly concatenating the even positive integers (Ashbacher™). 


The n-th term of the sequence is given by 
ES(n) = 24... (2n), n 21. 
The first few terms of the sequence are 


2, 24, 246, 2468, 246810, 24681012, 2468101214, .... 


In connection with the Smarandache even sequence, we have the result below. 


Lemma 1.2 : For any integer n 2 1, ES(n + 1) > 10xES(n). 


Definition 1.3 : The Smarandache circular (also called consecutive) sequence, denoted by 


{CS(n) oe is obtained by repeatedly concatenating the positive integers (Dumitrescu and 


Seleacu®). T 
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The n—th tem of the circular sequence is given 
CS(n) = 123...¢n—-1)(n), n 21. 
The first few terms of the sequence are 
1, 12, 123, 1234, 12345, 123456, 1234567, 12345678, 123456789, ... . 


For the Smarandache circular sequence, the result below holds true. 


Lemma 1.3 : For any integer n 2 1, CS(n + 1) > 10xCS(n). 


Definition 1.4 : The Smarandache square product sequence of the first kind, denoted by 


{SPS, (n)}”_,, and the Smarandache square product sequence of the second kind, denoted by 


{SPS,(n)}*_,, are defined by (Russo™) 
SPS(n) = 12x22x ... xn? +1 = (n!)? + 1, n>1, 
SPS2(n) = 12x22x ... xn? —1=(n!)? - 1, n>]. 
We then have the following results. 
Lemma 1.4 : The following relationships hold : 
(1) SPSi(n + 1)>10xSPSj(n), n= 3, 
(2) SPS2(n + 1)> 10xSPS2(n), n22. 
Proof : Using the definition, we see that 
SPS.(n+ 1)=[(n+ 1)!]? + 1> 10[(n!)? +1] = 10x SPS\(n) 
if and only if 
(n!)? [m+ 1)?— 10] >9, 
which is true for n=3. This proves part (1) of the lemma. 
The proof of part (2) is similar, and is left as an exercise. m 


Definition 1.5 : The Smarandache permutation sequence, denoted by {PS(n)}”_,, is 
defined by (Dumitrescu and Seleacu®) 





PS(n) =135 ... (2n —1)(2n)(2n — 2) ... 42 , n21. 


The first few terms of the sequence are 12, 1342, 135642, 13578642, 13579108642, ... . 
In connection with the Smarandache permutation sequence, we define the sequence below. 
Definition 1.6 : The reverse even sequence, and denoted by {RES(n) sen as follows : 
RES(n) = (2n)(2n —2) ... 42, n>1. 
The first few terms of the above sequence are 


2, 42, 642, 8642, 108642, 12108642, 1412108642, 161412108642, ... . 
The terms of the sequence satisfy the following inequality. 


Lemma 1.5 : RES(n+ 2) > RES(n+ 1) + RES(n) for any integer n > 1. 
Note that the sequences {PS(n)}”_, and {RES(n) ae are related through the relationship 
PS(n) = 10°xOS(n) + RES(n) for some integer s >n. 


The lemma below gives the inequality satisfied by the Smarandache permutation sequence. 
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Lemma 1.6 : For any integer n 2 1, PS(n+ 2) >PS(n+ 1) + PS(n). 


Definition 1.7 : The Smarandache reverse sequence, denoted by {RS(n) ae , is the 
sequence of numbers formed by concatenating the consecutive integers on the left side, starting 
with RS(1)=1 (Ashbacher™). 


The first few terms of the sequence are 
1, 21, 321, 4321, 54321, 654321, 7654321, 87654321, ..., 
and in general, the n-th term is given by 


RS) =n(n—-1)...21,n21. 
The Smarandache reverse sequence satisfies the inequality below. 
Lemma 1.7 : For any integer n 2 1, RS(n+ 2) >RS(n+ 1) + RS(n). 


Definition 1.8 : The Smarandache symmetric sequence, denoted by {SS(n) Ki , is defined 
by (Ashbacher™) 
1, 11, 121, 12321, 1234321, 123454321, 12345654321,.... 


More precisely, the n—th term of the Smarandache symmetric sequence is 
SS(n) =12... 0-2) -DM—2)... 21, n= 3; 
SS(1) =1, SS(2)=11. 


The Smarandache symmetric sequence can be expressed in terms of the Smarandache 
circular sequence and the Smarandache reverse sequence as follows : For all n= 3, 


SS(n) = 10°xCS(n- 1) + RS(n — 2) for some integer s > 1. 





Lemma 1.8 : For any integer n 2 1, SS(n+ 2) >SS(n+ 1) + SS(n). 


Definition 1.9 : Let {p,\” 
that is, 


| be the (infinite) sequence of primes in their natural order, 


pi=2, p2 =3, p3 = 5, pa=7, ps=11, po=13, .... 


The Smarandache prime product sequence, denoted by {PPS(n)} ,is defined as follows 
(Smarandache™) : 


PPS(n)=pip2... Pa+1, n21. 


The following lemma gives a relation in connection with the prime product sequence. 
Lemma 1.9 : PPS(n+ 2) >PPS(n+ 1) + PPS(n) for all n> 1. 


We now State and prove the following result. 


Theorem 1.1 : None of the Smarandache odd sequence, even sequence, circular sequence, 
square product sequences, permutation sequence, reverse sequence, symmetric sequence, and 
prime product sequence satisfies the recurrence relation of the Fibonacci (and Lucas) numbers. 


Proof : From Lemma 1.1, Lemma 1.2, Lemma 1.3 and Lemma 1.4, we see that the 
Smarandache odd sequence, even sequence, circular sequence and the square product sequences 
of two types each satisfies the condition (0.3). Thus, from Lemma 0.5, none of these four 
sequences satisfies the recurrence relations (0.1) and (0.2). For each of the Smarandache 
permutation sequence, reverse sequence, symmetric sequence and prime product sequence, the 
result follows from Lemma 1.6, Lemma 1.7, Lemma 1.8 and Lemma 1.9 respectively. m 
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This chapter gives the common properties satisfied by eight Smarandache recurrence type 
sequences. We see that, the Smarandache odd sequence, the even sequence, the circular 
sequence and the square product sequences of two types, each satisfies the inequality (0.3), 
while each of the Smarandache permutation sequence, the reverse sequence, the symmetric 
sequence and the prime product sequence, satisfies the inequality below : 


An+2 > An+1 + an. 
The consequence of this fact is given in Theorem 1.1. 


In case of the Smarandache odd sequence, even sequence, prime product sequence, square 
product sequences of two types, permutation sequence, circular sequence and the reverse 
sequence, we have shown that none of these sequences satisfy the recurrence relation of the 
Fibonacci or Lucas numbers. This shows that, none of these sequences can contain three or 
more consecutive Fibonacci numbers or Lucas numbers in a row. The same result follows very 
simply from Lemma 0.2, which shows that the sequence of Fibonacci numbers F(n) (and Lucas 
numbers L(n)) are of the form 


O, O, E, O, O, E, O, O, E, ..., 


(where the letter O stands for Odd number, and E denotes Even number). Thus, for example, all 
the terms of the Smarandache odd sequence are odd, and hence, this sequence cannot contain 
three (or, more) consecutive Fibonacci (or, Lucas) numbers in a row. Since all the terms are odd 
for each of the Smarandache square product sequences, reverse sequence, symmetric sequence 
and the prime product sequence, it follows that in each of these cases, there cannot be three (or, 
more) consecutive Fibonacci (or, Lucas) numbers in a row for any of these sequences. Again, all 
the terms of the Smarandache sequence are even, and by the same reasoning, this sequence 
cannot contain three (or, more) consecutive Fibonacci (or, Lucas) numbers in a row. The same 
argument holds for the Smarandache permutation sequence as well, whose all the terms are even. 
Finally, the terms of the Smarandache circular sequence are alternately odd and even, and so, 
this sequence also cannot contain three (or, more) consecutive Fibonacci (or, Lucas) numbers in 
a row. 


It should be mentioned here that our theorems don’t rule out the possibility of appearance of 
Fibonacci or Lucas numbers, scattered here and there, in any of these sequences. 


We conclude this chapter with the following conjecture. 


Conjecture 1.1 : For all n2 1, PS(n+1)>100xPS(n), RS(n + 1) > 10xRS(n). 
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Chapter 2 Smarandache Determinant Sequences 


Murthy” introduced the Smarandache cyclic arithmetic determinant sequence (SCADS) and the 
Smarandache bisymmetric arithmetic determinant sequence (SBADS), defined as follows. 


Definition 2.1 : The Smarandache cyclic arithmetic determinant sequence, denoted by 
{SCADS(n) Ya, is 
a a+d a+2d a+3d 
a+d a+2d a+3d a 
at+2d a+3d a a+df T 
a+3d a a+d a+2d 





a a+d a+2d 





a at+d 





„la+d a+2d a |, 





a+d a 











a+2d a a+d 





and the Smarandache bisymmetric arithmetic determinant sequence {SBADS(n) Pa is 


a a+d a+2d 
a a+d 
a, „la+d a+2d a+dl,...>, 


a+d a 








a+2d a+d a 


where a and d are any real numbers. 


The first few terms of the Smarandache cyclic arithmetic seterminant sequence are 
a, —(2ad + d?), —9(a+d)d?, ..., 
and the first few terms of the Smarandache bisymmetric arithmetic determinant sequence are 
a, —(2ad +d’), — 4(a+d)d’, ..., 


The n-th terms of these sequences, derived by Majumdar” and independently by Maohua® 
(in a slightly different form), are reproduced in the following theorem. 


Theorem 2.1 : For any integer n> 1, 
n 
(1) SCAD(n) =(-1)#! (a+ nsla)(ndy", 


(2) SBADS(n)=(-1)2! (a+ ada). 


In the particular case with a = 1, d= 1, we have respectively the Smarandache cyclic 
determinant natural sequence and the Smarandache bisymmetric determinant natural sequence. 


Bueno“ extended the concept of the Smarandache cyclic arithmetic determinant sequence 
to the Smarandache cyclic geometric sequences of right circulant form, and derived formulas for 
the n™ terms of the sequences. Later, Bueno® extended the concept of the Smarandache 
bisymmetric arithmetic determinant sequence to the Smarandache bisymmetric geometric 
determinant sequence. Section 2.1 treats the Smarandache bisymmetric geometric determinant 
sequence, followed by the Smarandache circulant geometric determinant sequence in 
Section 2.2. Section 2.3 introduces the Smarandache circulant arithmetic determinant sequence. 
In each case, the n-th term of the sequence is found. 
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2.1 Smarandache Bisymmetric Geometric Determinant Sequence 


In this section, we consider the Smarandache bisymmetric geometric determinant sequence. 


We start with the following definition, which differs slightly from the definition given in 
Bueno”. 


Definition 2.1.1 : The Smarandache bisymmetric geometric determinant sequence, denoted 
by {SBGDAn)\”.,, is 


l r 


1}, Kh} ror or hb 
r l 








The first few terms of the Smarandache bisymmetric geometric determinant sequence are 


1, 1=r, =r- ert a1) rea- 1)4, Stee cet 


The n-th term of the sequence is given in Theorem 2.1.1. To prove the theorem, we need the 
following results. 


Lemma 2.1.1 : Let D =| dij | (1 <1, j<n) be the square determinant of order n (22) with 


1, if j=n-i+1 
dij = ; 
0, otherwise 


Then, 
D=(0 0 . 0 0 1] -~pl2l 
0 0 0 1 0 
0 0 1 0 0 


En 
© 
© 


1 0 0 0 0 0 








Proof : First, let n be odd, say, 
n=2m+ 1 for some integer m> 1. 
Then, using the m column operations Cj<>C2m-j+2 (< j<m), that is, interchanging the j-th 


column Cj and the (2m—j+2)-nd column C2m-_j+2, we get 


D=()"|1 0 n 0 0 0ļ= 6”. 
1 n 0 0 0 
OF 0. 1 0 0 
0 0 fet 0 1 0 
0 0 0 0 0 1 





Next, let n=2m (m> 1). Then, using the column operations Cj<>C2m-j+1 (1<j<m), we get 
D=(-1)™. 


Since, in either case, m= [2], the lemma is established. m 
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Lemma 2.1.2 : Let D =| d; | be the determinant of order 2m +2 (m> 1) with 


d;=) r, ifi=m+1,j=m+2, ori=m+2,j=m+1 


0, otherwise 


Then, 
D=|0 0 0 o. 0 0 no 0 0 1ļ= ES. 
0o 0 0 0 o0 0 1 0 
0 0 0 1 r 0 0 0 
0 0 0 r ol 0 0 0 
0 1 Or oy. 0 0.. 0 0 0 
1 0 a 0 O n 0 O 0 








Proof : Using the column operations Cj 4>Cm-j+1 (I< j<m), we get 


D=(-1)™ 
( ) Im i Omo On 
Ooxem i : Ooxm 
Onm | Om | In 





where Im is the identity matrix of order m, Om.2 is the zero matrix of order mx2, 02.m is the zero 
matrix of order 2xm, and Omxm is the zero matrix of order mxm. Therefore, 
D=(-1)™ r 1 


m 


1 r 

















- Gia 


Theorem 2.1.1 : The n™ term, SBGDS(n), of the Smarandache bisymmetric geometric 
determinant sequence is given by 




















SBGDS(n) = | ! r r’ & ES ga a 
r r? r r? 2 r’ 1 r? 2 
r r rí ae, ee eee p 

r? 3 r’ 2 r’ 1 = rÍ r r 

oo ge ape a r r? r 

r2 1 r2 2 r2 3 r? r 1 





n 


-nl 2 | so 190-2) ¢4 = ry 
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Proof : Let 
SBGDS(n) =| aj 


à 





where the matrix (aij) is bisymmetric in the sense that 
aij = aji for all 1 <i,j<n, 
peg ef ll1<ij</2 
Ajj = An-i+1jnj+1 TOT a S1,JS 7: 


Note that 
aj = annj =P, anjej =r; 1<j<n, 


and for 2<i<n—-l, 
ofi, if 1<j<n-i+1 
ï |p” if n-i+2<j<n 
We consider separately the following two possible cases : 


Case 1. When n is odd, say, n=2m+ 1 (for some integer m> 1). 
In this case, 





SBGDS(2m + 1) 
= 1 r r? re! rm ypu yom? pn rm 
r r r? r™ m+ m+2 ee rm ee 
r r? rf put! ype? re rn en! rn? 
re rm ypu ym? pm rm yes p=? ye! 
r™ put! pet? an eel rn ee a rn? put! r™ t i=m+]1 
ypu m+2 yes r” pnt 2m-2 m+ rm re 
ym? rn! r= pes rat? rm! rí r r? 
ee rn ee! pnt? put rm r r? r 
r™ pm yom? ypu rm re r? r 1 
j=m+1 
=| Olij , Say, 





where for 1<i<2m+1, 

ae rer?) if 1<j<2m-i+2 

ï |r? if 2m-i+3<j<2m41 
Note that 


She ae E 
io |p miD if m+1<i<2m+1 
Qij = A2m-i+2,2mj+2 for all 1 <i, j <M; A2m-j+2j=r™ for all 1<j<2m+1. 
Then, the common factor in the column Cj (1 <j<2m+ 1) is 
rt if 1<j<m+1 
r= if m+2<j<2m+1 
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We now take out the common factor r from the 2™ and the (2m)" columns, the common factor 
r? from the 3 and the (2m—1)* columns, ..., the common factor r™! from the m"™ and (m+ 2)" 
columns, and the common factor r™ from the (m+ 1)* column, so that the total common factor is 


z 2 
r20 +2+..+m D+m_ pm , 








Therefore, 
SBGDS(2m + 1) 
2 
= r” 1 1 A ee l 1 r’ 
r r r r r r? 
r r’ E wei e r 
r=! re ret T re r= put! 
r" ree” ne ea 
yu ypu ym! E ym! r=! re 
pm p2 pm ë á e f 
re! rn! rn r? r r 
2m rn? ad r? 1 1 
j=m+1 
et the above determinant be denote , |. Then, 
Let the ab det t be denoted by j|- Th 
Bij = Bom-i+2,2m-j+2 for all 1 <i,j <m, 
for 1<i<m+1, 
Bist, if 1<j<m+l, 
and for m+2<i<2m+1, 
t: if 1<j<2m-i 
a if 1<j<2 +2 
Bi = ; : í R 
reid if 2m-i+3<j<m+l 
Note that 
r? , if 1<j<m-1 
Buisj= ir" » if j=m 


rr? , if m+l<j<2m+l 


Therefore, the common factor in the row Ri (1 <i<2m+ 1) is 


rl, if 1<i<m+l 


re if m+2<i<2m+1 





«—i=m+]1 


Now, taking out the common factor r from the 2"! and (2m)" rows, r° from the 3" and (2m—1)* 


rows, ... 
the common factors total to 


= 2 
r20 +2+.. +m D+m_ m ). 


we get 


, r™! from the m and (m+2)" rows, and r™ from the (m+ 1)* row (so that, as before, 
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SBGDS(2m + 1) 
=| 1 1 I> het a a let E 
1 1 1l DDE pet es Ree 
1 1 1 1 1 r ret 2m-4 2m-4 
1 1 loan lirfa č r r 
1 1 Te. aa e P T 1 1 4—i=m+]1 
c. r r’ rid 1 1 1 
yn ae 2m-—4 r? i i 1 1 1 
yen? yom? rn r? 1 1 1 1 1 
rn rn? rn r? 1 1 1 1 1 
j=m+1 


Denoting by | Vij 





the above determinant, we have 
Yij = Y2m-i+2,2m-j+2 for all 1 <i,j <m, 


1, if 1<i<m+l, 1<j<m+1 
yamar e if m+2<i<2m+l1, 1<j<2m-i+2 
pore) if m+2<i<2m+1, 2m-i+3<j<m+l 








We now perform the m row operations R; >R; —R,,,(1<i<m) (the row Ris: is subtracted 


from the row Rj), and then the m row operations R my11 > Rinsisr Rmi ASi Sm), to get 





SBGDS(2m + 1) 
-p 0 0 ~ 000 0 peg) 
0 0 0 0 0 . rn (r? -1) rn ae ~1) 
0 0 0 0 0 agar Pre HD a ar =D 
0 0 0 OAL r? -1 rl 
fa 1 1 Ses bY its BES tes 1 1 
r° -1 =i r=1 0.0 0 0 
oe Spe ake 0 0 0 0 0 
foe St eS, 0 0D 0 0 
saan 6 vale B 0 0 ; 0 0 0 
j=m+1 


In the above determinant, we have the common factors r™?(r?— 1) in the 1° and the (2m+ 1)“ 
rows, r™4(r?—1) in the 2™ and the (2m)" rows, ..., and (r?— 1) in the m* and the (m+2)™ rows, 
so that, the total common factor is 


rm 2)+(2m-4)+...+2] = 2m(m—1) 
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Taking out the common factors out, we get, 








SBGDS(2m + 1) 
— pm +m- (r? 77"™0 0 0... 000.00 1 
0 0 0 00 0 0 1 
0 0 0 00 0 i 4 
0 0 0 001 1 11 
Pid. 1 i dou 1 1 1ļ—i=m+1 
1 11 100 000 
1 11 00 0 000 
110.000 000 
1 0 0 000 000 
j=m+1 


Let the above determinant be denoted by | oF | . Then, 


ij = S2m-i42,2m-j+2 for all 1<i,j<m, 

6;=O0if 1<i<m, 1<j<m+1, 

m+ j= 1 for all 1<j<2m+1. 
Finally, we perform the m column operations C; >C;—C;,,1<j<m), followed by the m 
column operations Cm+j >C =C 1<j<m), to get 


m-+j+l m+j ( 


SBGDS(2m + 1) 


_ 2m +2m(m ~ 1) €e -D)o OO 2 000. 00 
000. 000. 010 
000. 000. 1 0 0 


000. 01 0 .. 0 0 0|ei=m+] 


0 0 0 1 0 0 0 0 0 
0 0 1 0 0 0 0 0 
0O10.. 0 0 0 0 0 





Now, appealing to Lemma 2.1.1, we get 


SBGDSQm + 1) = (-1)" rm" Pa? = 1)", 
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Case 2. When n is even, say, n= 2m+ 2 (for some integer m> 1). 


In this case, 


SBGDS(2m + 2) 
T 1 T r 
r r? 3 
r? r 4 
rm m+ m+2 
r™t! m+2 m+3 
ee rn rm! 
rn yom rn 
ym r= pm 





Denoting by | Xi 


\ 





Xij = Xji for all 1 <i,j <2m+2; Xij = X2mi+3,2m-j+3, 1< i,j <m+1. 


Taking out the common factor r from the 2™ and (2m + 1)* columns, r? from the 3" and (2m)" 


j=m+1 


the above determinant, we have 





Smarandache Numbers Revisited 


—i=m4+1 


columns, ..., r™ from the (m+ 1)* and (m+ 2)" columns (so that the total common factor is 


ro +2+...+m) pmb), 





we get 
SBGDS(2m + 2) 
a pment 1 1 
r r 
r’ r 
r™ r™ 
pat put! 
rn! eet 
r= r= 
rpm! 2m-1 
= p2m(m+l) 1 1 
1 1 
1 1 
1 
r r 
2m-3 2m-3 
rn! re! 
rm! ee! 





r 


2m-3 


re 
re 








—i=m+1 
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where the last determinant above is obtained from the preceding one after taking out the 
common factor r from the 2™ and (2m+ 1)* rows, r? from the 3 and (2m)" rows, ..., r™ from 
the (m + 1) and (m+ 2)" rows (so that the total common factor is r2+7*-*™=yrmm+D)_ 


Now, performing in succession, the two row operations, R;—>R, —R,,,;(1<$i<m) and 


Rinsitt S Rmi Rmi S15 m), we get 


SBGDS(2m +2) 
_ p2mm +1) 0 0 

0 0 

i=m+ 1 —> 1 1 


r r 


re (r? Es 1) re a? _ 1) 
rn! a? a 1) 0 





j=m+1 


Denoting by | y; | the determinant above, we have 





Vij = Y2m-i+3,2m-j+3 for all 1 < i,j <m+1. 


0 n.. 
0 n.. 


1 
T 


0 


0... 


l 


0 
0 


pire -1) a o -1) 


0 


rn! (r? — 1) 


T 
1 





In the above determinant, we may take out the common factors r™!(r?—1) from the 1* and the 


(2m +2)" rows, r?™3(r?— 1) from the 2" and the (2m + 1)* rows, .. 


and (m+ 3)" rows, and the total common factor is 
p2[2m-1)+(2m-3)+...+1] _ 2m? 











Therefore, 
SBGDS(2m +2) 
= pm (r? -1)™ 0 0 0 
0 0 0 
0 0 0 
1 1 
r r r 
1 1 1 
1 1 0 
1 0 
Letting | z| be the determinant above, we have 
Zij = Z2m-i+3,2m-j+3 for all 1 < i,j <m+1. 
Note that 


zj=0if1<i<m,1<j<m+1. 


Now, we perform successively the m column operations C; >C; -C 


column operations C,,,;, 


aan an) 


2 > Cur je2 Cmaj IS jm), to get 


OOO: 


j+ 


O 0O O rss 


., and r(r?—1) from the m® 


«—i=m+]1 


(1<j<m) and the m 
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SBGDS(2m +2) 
= Oe 1) 10 0 0.. 00.. 0 1 
00 0 0 0 1 0 
0 0 0 0 0 1 0 
0 0 0 l r 0 0 0 
0 0 0 r 1l 0 0 0 
001. 00... 0 0 0 
1 0. 00.000 
D 00. 00.000 


= Gi remt? iy jja 


where the last result follows from Lemma 2.1.2. 
All these complete the proof of the theorem. m 


2.2 Smarandache Circulant Geometric Determinant Sequence 
Bueno“? introduced the concept of the Smarandache right circulant geometric matrix with 
geometric sequence, defined as follows : 


Definition 2.2.1 : The Smarandache right circulant matrix (of order n) with geometric 
sequence, denoted by SRCGM(n), is a matrix of the form 


2 n-2 n-l 
SRCGM(n) = 1 r r ant of 
ft 1 tse P e? 
r22 rl 1 "i r+ re 
? r? rí j 
r ror rl 1 








Bueno“ found an explicit form of the determinant, det(SRCGM(n)). However, using the 


known results of the circulant matrix, the expression of det(SRCGM(n)) follows readily, as 
Lemma 2.2.1 shows. After defining the circulant matrix, the expression of its determinant is 
given in Lemma 2.2.1. For a proof of the lemma, see Geller, Kra, Popescu and Simanca®. 


Definition 2.2.2 : The circulant matrix with the vector C = (Co, C1, ..., Cn-1), denoted by C(n), 
is the matrix of the form 
C(n) = Co C1 C2 lw CnC 
Cn-1 Co C1 e.  Cn-3 Cn-2 
Cn-2 Cn-1 Co...  Cn-4 Cn-3 
C2 CG Ca a CO C1 
Cl C2 C3... Cnt CO 


The determinant of the circulant matrix above is given in the following lemma. 
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Lemma 2.2.1 : For any integer n 22, 


n-1 
2 -1 
Co Cı C2 Cw Cn-2 Cn |F [] Go + Ci@j + C20) +... + Cn oj ). 
Cii -Co © ss Cna Caa | «IO 
Cn-2 Cn-1 CO...  Cn-4 Cn-3 
C2 C3 C4 .. COCO C1 
Cl C2 C3 Cn- Co 








2m; 
where œj =e "'(0<j<n-—1) are the n n™ roots of unity (with œ= 1). 


Lemma 2.2.2 : For n>1, 
det(SRCGM(n)) =(1—r")"". 
Proof : From Lemma 2.2.1 with cj=r (0<j<n-—1), we see that 


n-l 
det(SRCGM(n)) = U (1+roj +r o; +.. +r" oF"). 


But, for any j with 0<j<n-1, 





1 tt CO" 1-r 











25. n- 

PA, +r œj +... +r 0; T- E (1) 
Since 

x"— 1 =(x—@0)(K—@1)(K—@2) ... (K—@n-1), 
with xe. we get 

p—-m _ 0-19) -rod -= ro) -A —re,_,) 

oe 

so that 

(1 —ra@o)(1 —r@1)(1 —ra@z) ... (1 —r@p-1) = 1-2". (2) 





The lemma now follows by virtue of (1) and (2). m 


2.3 Smarandache Circulant Arithmetic Determinant Sequence 


Generalizing the concept of the Smarandache right circulant matrix with geometric sequence to 
the case of arithmetic sequence, we have the following definition. 


Definition 2.3.1 : The Smarandache right circulant matrix (of order n) with arithmetic 
sequence, denoted by SRCAM(n), is a matrix of the form 





SRCAM(n) = a a+d a+2d...a+(n-—2)d a+(n-lNd 
a+(n-—l)d a a+d ...a+(n—3)d a+(n—2)d 
a+(n-—2)da+(n-lId a ...at+(n—-4)d a+(n—3)d 




















a+2d a+3d a+4d... a a+d 
a+d a+2d a+3d... a+(n-l)d a 








The determinant of the above matrix is given in the Lemma 2.3.1 below, making use of 
Lemma 2.2.1. 


26 Smarandache Numbers Revisited 


Lemma 2.3.1 : For any integer n>1, 
det(SRCAM(n)) = (-1)" (a +254 d }na)"-. 
Proof : From Lemma 2.2.1 with 


cj=a+jd(0<j<n-1), 
we have 


-1 
det(SRCAM(n)) = ii [a+ (a+d)o, + (a+2d)o} ee {a+(n—]d}o?~']. 
j=0 
Now, when j=0, 


a+(a+d)+... +[a+(n—1)d] =n(at nl d), 





and for j with 1<j<n-1, 


at(at do, +(a+2d)o; +... + [a + -1)d]o;” 

















(3) 

=a(1+0, +0; +...+07' )+d[o, +20; +... + 0-07]. 

But, 
2 n-l ie oj 
1+0; +0; +..+0) = =0, 
1- ©; 
and using the formula 
2 mi _d-x" _1+@-1x", 

X+2x°+... +(n—1)x ae = ; n22, 
we get, noting that œ} =1, 

@, + 20; +... + m-1)oj =- =a 

J 

Therefore, from (3), we get 

at(at do, + (a +2d)o? +... + [a + (n—1d]or =- 2L, 1<j<n-l 

j 
And hence, 
laln nd 
det(SRCAM(n)) =[n(a+25+d)] |] pare | (4) 
jl ra 

Since 

x"— 1 =(x—@0)(k—@1)(K—@2) ... (K—@n-1), 


differentiating both sides with respect to x and then putting x=@, =1, we get 
(1 — @) — @)... 0 - o,4)=0. (5) 


We now get the desired expression from (4) and (5). m 


The first few terms of the Smarandache circulant arithmetic determinant sequence are 
a, —d(2a+d), 9(a+d)d’, ..., 
while the first few terms of the Smarandache cyclic arithmetic determinant sequence are 
a, —d(2a+d), —9(a+d)d?,.... 


Thus, the Smarandache cyclic arithmetic determinant sequence, defined in Definition 2.1, is a 
variant of the Smarandache circulant arithmetic determinant sequence, and the determinant 


SCAD(n) may be obtained from det(SRCAM(n)) by appropriate interchange of rows. 
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Remark 2.3.1 : In proving Lemma 2.3.1, we have made use of the result that 


_ exe 1+M@— Dx", 





2 nl 
X+2x°+... +(n—1)x "Tax (== ; n22. 
The proof is as follows : Let 
S=x+2x?+3x? +... +(n—2)x™?4 (n-1)x™!. (6) 
Then, 
xS=  x?’+2x +... +(n—3)x"? +(n-2)x™?+(n-1)x”. (7) 


Subtracting (7) from (6), term-by-term, we get 


(1—-x)S=x(1+x4+x?+... +x™?) —(n-1)x? 





_ xn- 
=x x“ =(a—1)xt 


= P21 -(n-1)x', 





which gives the desired expression after simplification. 
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Chapter 3 The Smarandache Function 


The arithmetical function, introduced by Florentin Smarandache" is 
defined as follows (Z° being the set of positive integers). 


Definition 3.1 : For any integer n>1, the Smarandache function, denoted by S(n), is the 
smallest positive integer m such that 1.2. ... .m= m! is divisible by n. That is, 


S(n)=min { m: me Z’, nlm! }; n21. 


Several researchers, including Ashbacher® *), Sandor“, Stuparu and Sharpe® and Farris 
and Mitchell®, have studied some of the elementary properties satisfied by S(n). These are 
summarized below. 


Lemma 3.1 : For any composite number n= 4, S(n) => max { S(d) : din 1 
Lemma 3.2 : For any integers nj, n2, ...,mk21, S(nı n2 ... nk) < S(n1) + S(n2) +... + S(nx). 
Lemma 3.3 : Let ni, m, ..., Nk2 1 be k integers with (nı, n2, ..., nk) = 1. Then, 
S(ni no... nx) = max { S(n1), S(m), ..., S% }. 
Lemma 3.4 : p divides S(p*) for any prime p>2, and any integer k>1. 
Corollary 3.1 : For any prime p= 2, and any integer k21, 
S(p“) = ap for some integer a> 1. 
Lemma 3.5 : For any integer n and integers k, r with k > r, S(n‘)>S(n‘). 
Lemma 3.6 : For any integers n and m with n >m, S(n‘)>S(m‘) for any k>1. 
Lemma 3.7 : For any prime p22, S(p***) <S(p%) S(p®) for any integers a, B>1. 
Lemma 3.8 : S(n’)<n-—1 for any integer n+p, 2p, 8, 9 (p being a prime). 


Theorem 3.1 : Let n be represented in terms of its distinct prime factors p, pi, p2, ..., Pk aS 
QO, Qa, Ak 
n=p" P Py +> Pk 
Then, 


[ a Qh, Q, Oy, 
S(n) = max S(p ), S(p; )s S(p, ), sees S(p, ) š 
Thus, in order to find 


Qa Qa a 
S(n)=S(p" p,' p? ..p, 5), 


it is necessary and sufficient to know the values of 


a a a 
S(p"), SD SP, =» S(p“) 
which are not available till now. However, we have expressions in some particular cases. 
2 2 2 
Section3.1 derives explicit forms of sp” E o qp” gi =) and sfp" eE 


Some remarks and conjectures are given in Section 3.2. 
28 
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3.1 Some Explicit Expressions for S(n) 


In this section, we derive some explicit expressions for S(n). First, we mention the following 
well-known major results, giving the expressions for S(n) in some particular cases, which are 
available in the current literature. 


Lemma 3.1.1 : For any prime p= 2, S(p)=p. 

Lemma 3.1.2 : For any integer n= 1, S(n!) =n. 

Lemma 3.1.3 : For any prime p= 2, 

(1) S(p)=kp, if 1<k<p, (2) S) =p’. 

Lemma 3.1.4 : For any prime p= 2, 

(1) S(pP**!) =p? + kp, if 1<k<p, (2) S(p*P*) = 2p’, 

(3) S(2P! (2P—1)) = 2?—1 (2?—1 being the Mercenne prime). 


k 
Lemma 3.1.5 : For any prime p>2, {PP = ) =(p-1)p* for any integer k> 1. 


Some more expressions of S(n), due to Majumdar”, are given in the lemmas below. 


Lemma 3.1.6 : If S(p*)=N (for some integers a> 1 and N=N(p), p22 being a prime) 
such that pet! does not divide N!, then 
S(p” +1) =N +p. 
Proof : Since S(p*)=N, it follows that p% divides N!. Also, by Lemma 3.4, p divides 
N. Thus, p divides (N + p), but none of (N +p- 1), (N+p-2) ... (N+ 1). Therefore, pvt! 
divides (N+ p)!=N!(N+1)(N+2)...(N+p). m 
Corollary 3.1.1 : If S(p*)=N (for some integers a>1 and N=N(p), p22 being a prime) 


such that oe does not divide N!, then 
Sip? +Y) = N + vpfor v = 1, 2,..,p — 1. 
Proof : follows by repeated application of Lemma 3.1.6. m 


Lemma 3.1.7 : Let, for some integers s> 1, t>1 and ao, ai, ..., ar, 
S(p*)=p* (ap +a, p+ ... +a p') =P), 
(where ao #0 is not divisible by the prime p= 2), such that S( pe! ) £P. Then, 
S(p***)=P(p) fork=1,2,...,s—1. 
Proof : Since S(p*!) +P, it follows that S(p%7})=P-p. Now, 
p*'|(P-p)! > p*|P-p)!p 


> p.p“ |(P—p)!ps forallk =1, 2, ...,s—1. 


This shows that es |p! forallk =1, 2, ...,s—1, which we intended to prove. m 
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Lemma 3.1.8 : For any prime p> 2, 
S(p*?) =kp? -(k-Dp fork=1,2,...,p—l1. 


Proof : The proof is by induction on k. By virtue of Lemma 3.1.4, the result is true for k= 1. 
So, we assume that the result is true for some k. Then, by Corollary 3.1.1, 


S(p'P'’) =kp? -(k-v—Dp, v=l, 2, ..., pri. 


In particular, we have 





S(p P+?) = {kp - (k - Dp} + (k —2)p=kp? -p, 


s(pkPtk-1 =kp?. 
Now, 
plPK2| Ap? -pi = p ap? -pip = p ap? 
so that 
S(p? +“) = kp’. 
By Corollary 3.1.1, 
spP =) = kp? +vp for v= l, 2; cory p- 1. 
Choosing v =p-—k, we get 


which shows that the result is true for k+ 1 as well. 


This completes induction, thereby establishing the lemma. m 
In course of proving Lemma 3.1.8, we also found the following expressions : 
Corollary 3.1.2 : For any prime p>2, 
S(p¥PtK-1) = kp? =S(pk?*®) fork=1,2,...,p-1. 
From Corollary 3.1.2, we get, in the particular case with k= p—1, 
p? =2 2 p? =1 
S(p? ~*)=(p-Dp? =S(p? 7), (3.1.1) 
which, together with Corollary 3.1.1, gives 


2 
S(p? 1) = (p-p? + (v+ Dp: v=l, 2, as p-l. (3.1.2) 


In (3.1.2) above, the case v =p-— 1 follows from the case v=p—2 by virtue of Lemma 3.1.6. 
With v=p-—1, coupled with Lemma 3.1.7, we have 


2 2 2 
S(pP +P!) =p? =S(pP +P) =S(pP *P*!). (3.1.3) 
Using Corollary 3.1.1 once more, we get from (3.1.3), 


2 
S(p? P+) =p? + (v -Dp; A E Ips (3.1.4) 


31 Chapter 3 : Smarandache Function 
From (3.1.4) with v =p, together with Lemma 3.1.7, we have, for p=>2, 
s(pP°*2P+!) =p? +p? =S(p? +2P+2), (3.1.5) 
We now State and prove the general result. 
Lemma 3.1.9 : For any prime p> 2, 


sp?” d o, = p? +(k -1)p? = S(p?” abt) for k=2, 3, ..., p. 


Proof : is by induction on k. The validity of the result for k =2 follows from (3.1.5). So, we 
assume that the result is true for some k. Then, by Corollary 3.1.1, 


S(pP EV) <3 4 (k-1)p?+vp; val 2... pol. (3.1.6) 
With v=p-—1 in (3.1.6), we have 
2 — 
S(p? +(k+1)p+k 1) = p? + kp? _p, 
so that, by Lemma 3.1.6, 
S(pP* (k+1)p + K) = p? +kp’, 
and hence, by Lemma 3.1.7, 
S(pP + +Dp+k+1) ake 
Thus, the result is also true for k + 1, completing induction. m 
Lemma 3.1.9 with k=p gives 
Dnia 2 
S(p?P +P-1)=2p° -p? =S(p°P +P), 
and so, by Corollary 3.1.1, 
S(p? +P) =2p°-p? +vp; v=1, 2, .., pol. (3.1.7) 
From (3.1.7) with v=p—1, we get 
2 
S(p2P eek) =2p*—p, (3.1.8) 


which, by Lemma 3.1.6 and Lemma 3.1.7, gives 


2 2 2 
S(p?P +2P) = 2p3 = S(p?P +2P+1) = 5(p2P° +2P +2). (3.1.9) 
From (3.1.9), by virtue of Corollary 3.1.1, we get 
S(p? P+”) Z 2p? +(v—-2)p; v=3, 4, ..., p+1, (3.1.10) 


and in particular, 


2 
S(p?P +3P+!) = 2p? +(p—Dp, (3.1.11) 
so that, by Lemma 3.1.7, 
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2 2 
S(p7P Hope.) = 2p° +p? e S(p?P TPRI Y, (3.1.12) 
Continuing in this way, we get 
2 2 
and in general, we have the following lemma. 
Lemma 3.1.10 : For any prime p> 3, 


2 2 
S(p?P mee) = 2p? + (k - Dp? =S(p? tkptk) for k=3, 4, ..., p. 


Proof : The validity of the result for k=3 follows from (3.1.12). To proceed by induction 
on k, we assume that the result is true for some k. Then, by Corollary 3.1.1, 


S(p2P e+) 2p? + (k-2)p? +vp; Val, 2, , p. (3.1.13) 
From (3.1.13) with v=p, we get 
S(p2? +&+DPHK) -2p + (k—Dp?, 
so that, by Lemma 3.1.7, 
slp?” Cee) = 2p° 4 (k = lp’. 
Thus, the result is also true for k + 1, thereby completing induction. m 
In the particular case when k=p (23) in Lemma 3.1.10, we have 
2 2 
S(p?P +P!) =3p3 — 2p? =S(p*? +P), (3.1.14) 
so that, by Corollary 3.1.1, 
S(p?) = 3p3 -2p?+vp; v=1, 2, ., p. (3.1.15) 
Corresponding to v =p (p=3), (3.1.15) gives 
2 2 
S(p? +P) =3p3 -p? =S(p?P +P +), (3.1.16) 


where the r.h.s. expression in (3.1.16) follows by virtue of Lemma 3.1.7. From (3.1.16), by 
Corollary 3.1.1, we have 


2 
S(p? PY )=3p —p?+(v—-Dp; v=2, 3, ..., pth (3.1.17) 

which, in the particular case when v =p+ 1 (pẹ 5), gives 

2 2 2 

: 3p? +3p+2 
where we have used Lemma 3.1.7 to get the expressions of S(p p +p ) as well as 
3p” +3p+3 

S(p ) on the r.h.s. of (3.1.18). Then, for p> 5, by Corollary 3.1.1, we have 


2 
S(p?? +3P*V) — 3p3 + (v —3)p; v=4, 5, .., p+3. (3.1.19) 
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With v=p+3 in (3.1.19), we get 
slp? +4p+3) 353 +p? - S(p3P” +4P+4), (3.1.20) 
where the r.h.s. of (3.1.20) follows by virtue of Lemma 3.1.7. 
We now State and prove the general case in the lemma below. 
Lemma 3.1.11 : For k=4, 5, ..., p+2; (p=5 is a prime), 
spt kp TEA z 3p?4+ (k ~3)p?= s+ kp FRY: 


Proof : is by induction on k. From (3.1.20), we see that the result is true for k=4. So, we 
assume that the result is true for some k. Then, by Corollary 3.1.1, we have 


S(p? PE) 3p? +(k-3)p?+vp; vel, 2 us p (3.1.21) 
With v=p in (3.1.21), we have 

slp? +K+DPHK) _ 353 + (k-2)p?, 
so that, by Lemma 3.1.7, 

slp” +HK+DPHKHL) 303 4 (k—2)p?, 


which shows that the result is true for k+ 1. This completes the proof by induction, thereby 
establishing the lemma. m 


Lemma 3.1.12 : For k=1, 2, ..., p- 1, 
nE a a a PP): 


2 2 
(2) S(p*? +(k+ Dp +k) z kp°+ p= sp? +(k+1)p+k+ 1, 
where p is a prime. 
Proof : In either case, the proof is by induction on k. 


From (3.1.3), we see that part (1) of the lemma is true for k= 1; and the validity of part (2) for 
k= 1 follows from (3.1.5). So, we assume that the results are true for some k. 


(1) By Corollary 3.1.1, together with the induction hypothesis, 
2 
(pk? +C + Derk) E kp? +p? +vp; vel, 2, n p, (3.1.22) 
which, for v=p, gives 
2 2 
S(p? TEtDptkt prl) =kp? 4 2p? =S(pP ECD EERE?) (3.1.23) 


In (3.1.23), the right-hand side expression follows by virtue of Lemma 3.1.7. 
Again, from (3.1.23), by virtue of Corollary 3.1.1, we get 


2 
S(p*? HetDptktpty+2) =kp? + 2p” +vp; v=l, 2, .., p, (3.1.24) 
which, with v=p, gives 


2 2 
S(p? He Opty) =kp? +3p? = s(p” AUER), (3.1.25) 
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Note that, the right-hand expression in (3.1.25) follows by virtue of Lemma 3.1.7. 


Continuing in this way, we get 





2 , Lk , 2 2 
s(p™? +(k+1)p+k+(v—Dpt+v 1) = kp? +p? =S(p*? +(k+)p+k+(v year), (3.1.26) 


which can be proved by induction on v for v=1, 2, ..., p. The case v=1 follows from the 
induction hypothesis. Then, (3.1.23) proves the validity of the result for v=2. To proceed 
by induction on v, we assume that (3.1.26) is valid for some v. Then, by Corollary 3.1.1, 





2 (k41) 94 fy 
S(p*? Ree nah D ie m) =kp? +vp? +mp; m=1, 2, ..., p. 
With m=p, we get 
2 2 
S(p*? + CPUDTEres”) = kp? +(v+1) p? = S(p"? Re ey, 


2 
Note that, the expression of S(p*? SER) on the right-hand side above 


follows by virtue of Lemma 3.1.7. Thus, the result is true for v + 1. 


Now, (3.1.26) with v=p gives 
H)p2-+ (k4 2 
g(p bet Gp +8 1) acs typ? =s(p bet ep +k), (3.1.27a) 


and then, by Lemma 3.1.7, 








S(p tD (k+1)p +k H) (k +)p?. (3.1.27b) 


The validity of part (1) of the lemma for k + 1 follows from (3.1.27). 


(2) From (3.1.27b), we get 


2 
S(p&tbe’t Dp +k +v +1) (k+Dp?+vp; vel, 2, ., p, (3.1.28) 


which, for v =p, gives 





i on i f 
S(p +PP + 3p +k +1) 4 yp? +p’, (3.1.29a) 
so that, by Lemma 3.1.7, 





11)p2 , , , 
Spt»? + (k+2)p +k 1) = (k+ Dp? +p’. (3.1.29b) 


(3.1.29) show that part (2) of the lemma is true for k + 1. 


All these complete the proof of the lemma. m 


From part (1) of Lemma 3.1.12 with k=p—1, we get 


s(p?’ >) =(p-Dp® =8(p”~?) =8(p”“!). (3.1.30) 


From (3.1.27) with k=p—1, we get 


S(pP P +P!) = pt =S(pP +P +P) = S(pP +P P), (3.1.31) 


In the next section, we make some observations and conjectures related to the Smarandache 


function. 
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3.2 Some Remarks 


From Lemma 3.1.3, S(p*) is linear in p for 1 <k<p—1. By Lemma 3.5 and Lemma 3.1.3, 
k>p =  S(p)2S(p") =p’. 
It then follows that S(p*) is linear in p if and only if 1<k<p-—1. 


We conjecture the following, based on Lemma 3.1.5. 


k_ 
Conjecture 3.2.1: S(pP ~**“)=(p — Dp“ for all w=1,2,....k—1, k>2; (pis a prime). 
The conjecture above follows from Lemma 3.1.5 by repeated application of Lemma 3.1.7, 


: k-k- k 
provided that S(pP )4 (p—l)p*. For k=3, we refer the reader to (3.1.30). 


2 3 n2 
Also, based on the expressions of S(pP*!), S(p? Zee) and S(pP +P TPTI), given 
by Lemma 3.1.3, (3.1.3) and (3.1.31) respectively, we make the following conjecture. 


1 


k _— k- 
Conjecture 3.2.2 : For any prime p23, S(pP a Tns EPRE) = p“ +l fork21. 


We conclude this chapter with the following conjecture. 


Conjecture 3.2.3 : Let p and q be primes with q >p. Then, the equation 


S(p*) = S(q’) (3.2.1) 
has an infinite number of solutions. 


Since S(2*) =6=S(3”), we see that the equation (3.2.1) indeed possesses a solution. To find 
more solutions, we proceed as follows : Let the primes p (23) and q be such that q=2p—1. 
Then, by Lemma 3.1.8, 

S(p””) =2p’—p=p(2p—]). 
Now, by Lemma 3.1.3, 

Sq’) = pq, 
so that S(p??) = S(q?) for all such primes p and q. Then, a second solution of the equation 
(3.2.1) is: p=3, a=6, q=5, B =3, with 

S(36) = 15 = S(5°). 
It is conjectured that the equation 

S(n)=S(n+1) (3.2.2) 
has no solution. Assuming that n = M p*, n + 1 = N q? for some primes p and q such that 
(M, p) = 1, (N,q)=1, (M, N)=1 with S(n)=p® and S(n + 1) =q’, we see that a necessary 
condition that the equation (3.2.2) has a solution is that the equation (3.2.1) possesses a solution. 
Thus, in order to look for solutions of the equation (3.2.2), it is necessary to concentrate our 
attention to the solution of the equation (3.2.1). As has been noted above, the minimum solution 
of the equation (3.2.1) is p*=2*, q’=37, and it is easy to check that the Diophantine equation 
below has no solution : 

16M — 9N= +1, 
where (M, N)=1, M< 16 with (M, 16)=1, N<9 with (N,9)=1. 


36 Smarandache Numbers Revisited 


We conclude this chapter with the following equation, proposed by Muller®, and subsequently, 
taken up by Maohua™ : 


S(mn) = m* S(n); m, n and k are positive integers. (3.2.3) 


Note that m=1, n=1, k=1 is always a solution of the equation (3.2.3), called its trivial solution. 
To find non-trivial solutions of equation (3.2.3), first note that, there is nothing to prove if m=1. 
Again, with n=1, (3.2.3) reads as 

Sqm) =m‘, (3.2.4) 
and we must have k=1 (since, by Lemma 3.7 in Majumdar“, S(m) <m for all integer m> 1). 
In this case, by Lemma 3.3.5 in Majumdar“, the only solutions of the corresponding equation 
S(m) =m are m= 1, 4, p (where p= 2 is a prime). If m=2, then (3.2.3) takes the form 


S(2n) = 2 S(n), (3.2.5) 
which has no solution if n>3 (since, by Lemma 3.9 in Majumdar“, S(2n) <n for n>3). Clearly, 
when m=2 and n=2 in (3.2.3), we must have k= 1. With n=2, the equation (3.2.3) becomes 

S(2m) = 2m‘, 
which does not have any solution in integers m 2 3 and k= 1. So, let n=3. Then, since 

mk S(n) = S(mn) < S(m) + S(n), 
we get 


ke S(m) m 
m SSG) +1< 3 +1, 


and we are led to a contradiction. Thus, we must have n <2, and corresponding to n=2, the only 
solution of the equation (3.2.3) is m=2,n=2, k=1. 
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Chapter 4 The Pseudo Smarandache Function 


This chapter is devoted to the pseudo Smarandache function, denoted by Z(n). 


The pseudo Smarandache function, introduced by Kashihara“”, is as follows : 


Definition 4.1 : For any integer n>1, the pseudo Smarandache function Z(n) is the 


m(m + 1) 
2 


smallest positive integer m such that 1+2+...+m= is divisible by n. Thus, 


Z(n)=min {m:meZ*, nl nd, 


(where Z* is the set of all positive integers). 


Kashihara™, Ibstedt™, Ashbacher® and Pinch studied some of the elementary properties 
satisfied by Z(n). Their findings are summarized below. 


Lemma 4.1 : 3 < Z(n) < 2n-1 for all integer n24. 


Lemma 4.2 : Z(n)< n—1 for any odd integer n=3. 
Lemma 4.3 : For any composite number n> 4, Z(n)>max { Z(d) : din}. 


Lemma 4.4 : For any integer n24, Z(n) 2 4 +8n —1)> Yn. 


This chapter gives some new results related to the pseudo Smarandache function Z(n). 


In Section 4.1, we give some explicit forms for Z(n), which are available in the current 
literature. The values of Z(p.25), p=5, 7, 11, 13, 17, 19, 31 are available In the current literature. 
A closed-form expression of Z(23.2*) has been derived in Lemma 4.1.9 in Section 4.1 below. 
An expression for Z(pq) is given in Theorem 4.1.2, which shows that the method of finding the 
value of Z(pq) involves the solution of two Diophantine equations in p and q. Some particular 
cases of Theorem 4.1.2 are given in Corollariy 4.1.5— Corollary 4.1.8. Section 4.2 is devoted to 
the study of some miscellaneous topics, where the solutions of the three Diophantine equations, 
Z(n) + SL(n) = n, Z(n)=SL(n), and Z(mn) = m<* S(n), are given, SL(n) being the Smarandache 
LCM function. 


4.1 Some Explicit Expressions for Z(n) 


Some closed-form expressions of Z(n), available in the current literature, are summarized in 
the following lemmas. 


k(k +1) 


Lemma 4.1.1 : Z( 5 


) =k for any integer k2 1. 





Lemma 4.1.2 : For any integer k > 1, Z(2*)=2*'—-1. 
Lemma 4.1.3 : For any prime p>3 and any integer k> 1, Z(p‘)=p*—1. 
Lemma 4.1.4 : If p=3 is a prime and n= 2 is an integer (not divisible by p), then 


_{p-l, if 2n|(p-) 
AMP)=) 5,” if 2n|(p +1) 
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Lemma 4.1.5 : If p23 is a prime and n= 2 is an integer not divisible by p, then 


Zi09")=| Pt if 2n|(p° -D 
p^, if 2n|(p +1) 


Lemma 4.1.6 : If p=3 is a prime and k23 is an integer, then 


k : . 
k, _JP> if 4| (p+1) and k is odd 
mee =F —1, otherwise 


In particular, the expressions for Z(np), are available when n=4(1)13, 16, 32, 24, 48, 96, 
(where p is a prime). Also, available are the explicit forms of Z(p.2*), p=5, 7, 11, 13, 17, 19, 31. 
These values are given in Majumdar. 


Lemma 4.1.9 gives an expression of Z(23.25). To prove the lemma, we need the results 
below. 
Lemma 4.1.7 : If p=2P +1 is a prime, then 
(1) p divides 2?—1 if p=8£+1 (for some integer £), (2) p divides 2°+ 1 if p=80+3. 
Proof : See, for example, Theorem 18 in Daniel Shanks. m 


Corollary 4.1.1 : Given any prime p23, p=2P +1, there is an integer n such that p divides 
2—1. 

Proof : If p is of the form 2"—1 for some integer n = 2, there is nothing to prove. 
So, let p be not of the form 2"— 1. Now, if p=80+1, by Lemma 4.1.7, p divides 2°—1, so that 
the result is true with n =P. On the other hand, if p=8€+3, then 


pl2?4+1 > pl(2?+1(2?-1)=27-1, 
and the result holds true with n=2P. m 


Lemma 4.1.8 : If p divides 2"—1 for some integer n> 1, then p divides 2™-— 1 for any 
integer m2 1. 

Proof : The proof is by induction on m. When m=1, the result is clearly true. So, let the 
result be true for some integer m. 


Now, since 
2+ 7 =22™_]) 427], 


it follows that the result is true for m+ 1 as well, completing induction. m 
The expression of Z(23.2*), due to Majumdar™, is given in the following lemma. 


Lemma 4.1.9 : For any integer k 20, 














12... if 11k 11.2", ifk=l1la 
3.2"? —1, if 11|(k-1) 3.2"? —1, ifk=l1la+1 
3.2"! —1, if 11|(k-2) 3.2"! —1, if k=1la+2 
aaa if 11| (k-3) 52 if k=1la+3 
sa", if 11|& -4 ee if k=1la+4 
Z(23.2*) = kal = kal 

< I=) 9281 1) if 11|(k-5) 79 92-1, ifk=1la+5 
TIE if 11|(k-6) 7.2", if k=1la+6 
241, GP Lhe 7 241, ifk=1la+7 
2—1, if 11|(k-8) 2—1, ifk=l1la+8 
2 —1, if 11] (k-9) a? 1, if k=1la+9 
2%"! —1, if 11] (k-10) a" _4 ifk=1la+10 
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Proof : By definition, 


mon + 
2 


Z(23.25)= min {m : 23.2 D } = min {m : 23.2! 1m(m+1)}. (1) 


Here, 2‘*! must divide one of m and m+ 1, and 23 must divide the other. 
We now consider all the possible cases below : 
Case 1 : When k is of the form k= 11a for some integer a2 1. 


By Corollary 4.1.1, 23 divides 2'!*— 1 =2k—1. Now, 
23 | (11.2! +1) =22(2*—-1) +23 = 23.21| (112")x1 1:2"! + 1). 
Therefore, the minimum m in (1) can be taken as 11.2**!. 


Case 2 : When k is of the form k= 11a+1 for some integer a> 0. 
Here, since 
3.22 _1=24(2k1_ 1) +23, 


by Corollary 4.1.1, 23 divides 3.2‘*?—1 and hence, in this case, the minimum m in (1) may be 
taken as 3.2*+!— 1. 
Case 3 : When k is of the form k= 11a +2 for some integer a> 0. 
In this case, since 
3.21 _1=24(2k_ 1) +23, 
it follows that, 23 divides 3.2*?— 1, and hence, Z(23.2*) =2**?. 
Case 4 : When k is of the form k= 11a+3 for some integer a> 0. 
Here, since 
5.2k + 1=160(2*3— 1) +161, 
and since 23 divides both 2**—1=2!'*—1 (by Corollary 4.1.1) and 161, it follows that 23 
divides 5.2**?— 1, and consequently, Z(23.25) =5.2**?. 
Case 5 : When k is of the form k= 11a+4 for some integer a> 0. 
In this case, 
23| (5.2! 4 1)=160(24-1)+161 => Z(23.25)=5.2*, 


Case 6 : When k is of the form k= 11a+5 for some integer a> 0. 
Here, note that 


9.21 _ 1 =576(2*5—1)+575 => 2319.21), 
and hence, Z(23.2*) =9.2"*!—1, 
Case 7 : When k is of the form k= 11a+6 for some integer a> 0. 
Here, the result follows from the following chain of implications : 
7.21 41 =896(26—1)4+897 => 23|(7.2*1+1) => (23.2%) =7.2"1. 
Case 8 : When k is of the form k = 11a +7 for some integer a= 0. 
In this case, 
ke4_ 4 =2112K7_ 1) 4241, 
Now, since 23 divides 2™7—1=2!!*—1 and 2!!— 1 (by Corollary 4.1.1), it follows that 23 divides 
2*4_ 1, and consequently, Z(23.2*) = 2**4— 1. 
Case 9 : When k is of the form k= 11a+8 for some integer a> 0. 
Here, by Corollary 4.1.1, 


23 |(23—1)=2"@D_] => 723.24) =2"3— 1. 
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Case 10 : When k is of the form k = 11a +9 for some integer a20. 
In this case, since 23 divides 2**?— 1=2"@*)_ 1, it follows that Z(23.2*) = 2**?— 1. 


Case 11 : When k is of the form k= 11a+ 10 for some integer a> 0. 
Here, since 23 divides 2**!— 1 =2"@*)_ 1, it follows that Z(23.2*) = 2**!— 1. 


All these complete the proof. m 


The following lemma gives a closed-form expression of Z(p.2*) for k>1 in the particular 
case when p is a prime of the form 24— 1, that is, when p is a Mercenne prime. The result is due 
to Majumdar, 


Lemma 4.1.10 : Let p be a prime of the form p=21—1, q=2. Then 
(p—1)2*, if q divides k 


k 
Z(p.2') = i 
B e if qdividesk—i, 1<i<q-1 


Proof : First note that, if p=29—1 is prime, then by the Cataldi-Fermat Theorem, q must be 
a prime (see, for example, Theorem 4 in Daniel Shanks“). 
Now, by definition, 


| mem + 
2 


Z(p.2*) = min {m : p.2* D } = min {m : p.2"'Imim+ 1}. (2) 


Here, p must divide one of m and m+ 1, and 2**! must divide the other. 
We now consider all the possible cases below : 


Case (1) : When k is of the form k= qa for some integer a2 1. 
Let p=2P+1. Now, since 


P.2**! 4 1 =2P(2k— 1) + (2P + 1) =2P(2"— 1) +p, 
it follows that p divides P.2**'+ 1 (by Lemma 4.1.8), so that p.2**! divides P.2*'(P.2"*! + 1). 
Therefore, the minimum m in (2) can be taken as P.2**', and hence, 

Z(p.25) = P.2*! =(p=1)25 


Case (2) : When k is of the form k=qa + 1 for some integer a 2 0. 
Here, 
292 211 1 =242"—1)4+29-1, 


so that, p divides 2*t*!—1 and hence, p.2**! divides 2*1 !(2+4! — 1). Thus, in this case, the 
minimum m in (2) may be taken as 2*®!—1, so that Z(p.25) =2*01—- 1, 


Case (3) : When k is of the form k =qa +2 for some integer a 2 0. 


In this case, since 
232 1 =2(28-—1)+29-1, 
it follows that, p.2**! divides 2'*¢°(2'*4?— 1), and hence, Z(p.25) =2*¢?—1. 


Case (q) : When k is of the form k=qa +q- 1 for some integer a2 0. 


Here, 
gktl —1 =24+D_ 1, 


so that p.2**! divides 2*!(2*+! — 1), and consequently, Z(p.2*) = 2"*!— 1. 


All these complete the proof of the lemma. m 
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Some particular cases of Lemma 4.1.10 are Z(3.2*) (corresponding to q = 2), Z(7.25) 
(corresponding to q=3), and Z(31.25) (corresponding to q=5). The explicit forms of Z(3.2*), 
Z(7.2) and Z(31.2*) are given below. These results have been established by Majumdar in 
detail by alternative methods. 


Corollary 4.1.2 : For any integer k21, 
203 =| if k is odd 


oe. if k is even 
Proof : Since this case corresponds to q=2, q divides k if and only if k is even. The result 
then follows from Lemma 4.1.10 immediately. m 
Corollary 4.1.3 : For any integer k21, 
32°". ah 3|k 
Z(7.25)=4 2°? -1, if 3|@k-1) 
"1, if 3|(k-2) 
Proof : This case corresponds to q=3, and so, there are three possibilities, namely, k is one 


of the three forms k=3a, 3a+1, 3a+2. Then, appealing to Lemma 4.1.10, we get the desired 
expression for Z(7.2*). m 


Corollary 4.1.4 : For any integer k> 1, 
152°, if 5|k 
2*4 1, if 5| k -1) 
ZOLI Es aT 465 E2) 
2s —1, if 5| (k -3) 
a" 1, if 5| (k-4) 


Proof : Here, k can be one of the five forms k= 5a, 5a+ 1, 5a +2, 5a+3, 5a+4. When 
k= 5a, by Lemma 4.1.10, Z(31.25) = 30.2% = 15.2"*!. The other four cases also follow readily 
from Lemma 4.1.10. m 


The following result, due to Ibstedt®, gives an expression for Z(pq), where p and q are two 
distinct primes. 


Theorem 4.1.1 : Let p and q be two primes with q >p. Let g=q- p. Then, 
-min { POK +D qk -D 
Z(pq)=min { E=, E }, 
where both qk +1 and pk- 1 are divisible by g. 
An alternative expression for Z(pq), due to Majumdar®, is given below. 


Theorem 4.1.2 : Let p and q be two primes with q>p25. Then, 


Z(pq)=min { qyo—1, pxo—I }, 
where 


yo=min {y : x,ye Z’, qy—px=1}, 
xo=min {x:x,ye Z’, px—qy=1}. 


To apply Theorem 4.1.2 to find Z(pq), it is convenient, from the computational point of 
view, the two possible cases, considered in Remark 4.1.1 below. 
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Remark 4.1.1 : Let p and q be two primes with q>p25. Let 
q=kp+€ for some integers k and £ with k> 1 and 1<€<p-—1. 
We now consider the two cases given in Theorem 4.2.2 : 
Case 1 : When p divides m and q divides (m+ 1). In this case, 
m=px for some integer x2 1, 


m+l=qy=(kp+€)y for some integer y= 1. 
From the above two equations, we get 

Cy—(x—ky)p=1. (4.1.1) 

Case 2 : When p divides (m+ 1) and q divides m. Here, 

m-+1=px for some integer x2 1, 

m=(kp+ £)y for some integer y2 1. 
These two equations lead to 

(x—ky)p—fy=1. (4.1.2) 
Thus, to find Z(pq), it is necessary to solve the Diophantine equations (4.1.1) and 


(4.1.2) for minimum x or y. 


Some particular cases are given in Corollary 4.1.5—Corollary 4.1.8 below, which illustrate 
the application of Theorem 4.1.2. 
When q=kp+9, k>2, the Diophantine equations (4.1.1) and (4.1.2) become 
(kp + 9)y—px=1, 


px —(kp + 9)y=1, 
that is, 


9y —(x—ky)p=1, (4.1.3) 
(x —ky)p—9y=1. (4.1.4) 


Corollary 4.1.5 : Let p and q>p be two primes; moreover, let q be of the form q=kp+9 
for some integer k>2. Then, 


D, if 91(p-1) 
ArtD 1, if 91-2) 





ACPD 1, if 91(p—4) 
Z(pq) = 
q(2p —1) 2 

ar-D if 91(p-5) 


rD, if 91(p-7) 





MPD 1, if 91-8) 


Proof : We consider the following cases that may arise. 
Case 1. When p=9a+ 1 for some integer a> 2. 
In this case, the Diophantine equations (4.1.3) and (4.1.4) take the following forms : 
1=9y—(x—ky)Qa+ 1)p =9[y — (x — ky)a] — (x — ky), 
1=(x—ky)(9a+ 1) -9y = (x — ky) — 9[y — (x — ky)al. 
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The minimum solution is then obtained from the second of the above two equations with 
x—ky=1, y—(x—ky)a=0. 

Therefore, y=a, and consequently, the minimum m is given by 

Case 2. When p=9a+2 for some integer a> 1. 

Here, (4.1.3) and (4.1.4) take the forms 


1=9y—(x—ky)(9a+ 2)p =9[y — (x — ky)a] — 2(x — ky), 
1=(x —ky)(9a+ 2) — 9y = 2(x — ky) — 9[y — (x — ky)a]. 


The minimum solution is then obtained from the first of the above two Diophantine equations 
with 








x —ky=4, y—-(x-ky)a=1, 
so that y =4a + 1, and consequently, the minimum m is 


-9p+!1)_ 
a 9 


m=qy- 1l=q(4a+1)-1 1. 


Case 3. When p=9a+ 4 for some integer a> 1. 
In this case, from (4.1.3) and (4.1.4), the Diophantine equations satisfied are 


1=9y- (x —ky)(9a+4)p =9Ly — (x — ky)a] — 4(x — ky), 
1=(x — ky)(9a + 4) —9y =4(x — ky) — 9[y — (x — ky)a], 


and the minimum solution, obtained from the first equation, is 








x —ky=2, y—(x-ky)a=1. 
Therefore, y=2a + 1, and the minimum m is 


m=qy- 1=q(2a+1)- 1=98 +) 


1. 

Case 4. When p=9a+5 for some integer a> 0. 

Here, the Diophantine equations (4.1.3) and (4.1.4) become 
1 =9y—(x — ky)(9a+5)p =9[y — (x — ky)a] — 5(x — ky), 
1=(x — ky)(9a + 5) — 9y = 5(x — ky) — 9[y — (x — ky)a]. 


Thus, the minimum solution is obtained from the second equation, with 








x —ky=2, y—(x-ky)a=1. 
Thus, y=2a + 1, and the minimum m is given by 
m=qy=q(2a+1)= agepan D ; 
Note that, in this case, when a =0, we get 
Z(5q) =q for q=5k+9; k=2, 4, ..., 
which is true (by Lemma 4.2.17 in Majumdar®). 
Case 5. When p=9a+7 for some integer a> 0. 
In this case, the Diophantine equations (4.1.3) and (4.1.4) reduce to 
1=9y- (x —ky)(9a +7)p =9[y — (x — ky)a] — 7(x — ky), 


1=(x —ky)(Qa+ 7) —9y =7(x — ky) — 9[y — (x — ky)a], 
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and the minimum solution is obtained from the second one as follows : 
x —ky=4, y — (x - ky)a =3. 

Then, y=4a+3, and the minimum m is given by 
m=qy=q(4a+3)= PD, 

When a=0, we get 
Z(7q) =3q, q=7k+9, k=2, 4, 6, ..., 

which is valid (by Lemma 4.2.19 in Majumdar®). 

Case 6. When p=9a+8 for some integer a> 1. 

Here, the Diophantine equations (4.1.3) and (4.1.4) take the form 
1=9y- (x — ky)(9a + 8)p =9[y — (x — ky)a] — 8(x — ky), 
1=(x — ky)(9a + 8) — 9y = 8(x — ky) — 9[y — (x — ky)a]. 


Clearly, the minimum solution is obtained from the first equation as follows : 








x -—ky=1, y- (x - ky)a=1. 
Therefore, y=a+ 1, and hence, the minimum m is 
m=qy-l=q(a+1)- 1z, 


All these complete the proof of the corollary. m 


With q=(k+1)p-9, the Diophantine equations (4.1.1) and (4.1.2) read as 


[(k+1) p—9]y—px=1, 


px—[(k+1) p—9ly=1, 
that is, 
1=[(k+ ly —x]p—9y, (4.1.5) 


1=9y -[(k+ ly —x]p. (4.1.6) 
Corollary 4.1.6 : Let p and q>p be two primes with q=(k+ 1)p—9 for some integer k>2. 
Then, 
PD 1, if 91-1) 


ArtD, if 91(p-2) 


? 





aCp+D if O1(p—4) 


9 > 
Z(pq) = 
q2P-)) 1, if olp- 
aCp-D 1, if 91-5) 


a if 9I(p-7) 





APD, if 91-8) 


Proof : We consider the six possibilities that may arise : 
Case 1. When p=9a+ 1 for some integer a> 2. 
In this case, the Diophantine equations (4.1.5) and (4.1.6) read respectively as 


1=[(k+ ly —x]Qa+ 1)—9y=[(k+ Dy —x] — 9ly — {(k+ Dy — x}a], 
1=9y —[(k+ Dy —x](9a+ 1)=9[y — {(k + Dy — x}a] — [(k + Dy. 
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The first of the above two equations give the minimum solution, namely, 
(k+1)y-x=1,y-{(k+1)}yy-x}ła=0. 

Therefore, y =a, and the minimum m is 
m=qy-l= Meee -1. 

Case 2. When p=9a+2 for some integer a> 1. 

In this case, (4.1.5) and (4.1.6) become 
1=[(k+1)y-x](9a+ 2)—9y=2[(k+ Dy -x]-9[y - {(k+ Dy — x}al, 
1=9y — [(k+ ly — x](9a+2)=9[y — {(k+ Dy — x}a] — 2[(k+ Dy — x]. 

The minimum solution is then obtained from the second of the above two equations : 
(k+ Dy -—x=4, y—- {(k+Dy—-x}a=1. 

Then, y=4a+ 1, and the minimum m is 


4p +1 
m=qy= q( p ) 


Case 3. When p=9a+4 for some integer a> 1. 
Here, from (4.1.5) and (4.1.6), we have 


1=[(k+ Dy — x]Qa+ 4) —9y=4[(k+ Dy — x] - 9ly — {(k+ Dy — x}a], 
1=9y — [(k+ Dy — x](9a+4) =9[y — {(k+ Dy — x}a] - 4[(k + ly - x]. 

The minimum solution is then obtained from the second of the above two equation as follows : 
(k+ ly -—x=2, y-{(k+]Dy—-x}a=1. 

Thus, y=2a+1, and the minimum m is 


2pt+1 
m=qy = 4 2 ) 


Case 4. When p=9a+ 5 for some integer a> 0. 
From (4.1.5) and (4.1.6), we get 


1=[(k+1)y-x](9a+ 5) -9y =5[(k+ Dy — x] -9[y - {(k+ Dy — x}al, 
1=9y — [(k+ Dy — x](9a+5) =9[y — {(k+ Dy — x}a] - 5[(k + ly — x]. 
The minimum solution, obtained from the first equation, is as follows : 
(k+ ly -—x=2, y—-{(k+ly—-x}a=1. 
This gives y =2a + 1, and the minimum m is 
qp- D, 
9 





m=qy-l= 
It may be noted here that a= 0 gives 

Z(5q)=q-1; q=5k-9, k=4, 6, ..., 
which is true (by Lemma 4.2.17 in Majumdar). 


Case 5. When p=9a+7 for some integer a> 0. 
In this case, from (4.1.5) and (4.1.6), we have 


1=[(k+ ly —x]Qa+7)—9y=7[(k+ Dy —x] -9ly— {(k+ Dy — x}al, 
1=9y — [(k+ l)y —x](9a+7) =9[y — {(k+ Dy — x}a] — 7[(k+ Dy — x]. 
The first equation gives the minimum solution as follows : 


(k+ ly -—x=4, y— {(k+ Dy —x}a=3. 
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Therefore, y=4a+3, and the minimum m is 
m=qy-l= a dae -1. 
In this case, for a=0, we get 
Z(7q) =3q—1; q=7k—9, k=4, 6, ..., 
which is true (by virtue of Lemma 4.2.19 in Majumdar®?). 


Case 6. When p=9a+8 for some integer a> 1. 
From (4.1.5) and (4.1.6), we have 


1=[(k+ ly —x]Qa+ 8) —9y=8[(k+ ly - x] — 9ly — {(k+ Dy — x}al, 
1=9y — [(k+ l)y —x](9a+8) =9[y — {(k+ Dy — x}a] — 8[(k + Dy — x]. 
The minimum solution is then obtained from the second equation, with 
(k+ly-x=l1,y—-{(k+Dy—-x}a=1. 
That is, y=a+3, and the minimum m is 


+1 
m=qy= P ) 


All these complete the proof of the corollary. m 


When q= kp + 10, k>2, the Diophantine equations (4.1.1) and (4.1.2) become 
(kp + 10)y—px=1, 


px —(kp + 10)y=1, 
that is, 
10y-(x—ky)p=1, (4.1.7) 


(x —ky)p-10y=1. (4.1.8) 
The corollary below gives the closed-form expression of Z(pq), where q=kp+ 10. 


Corollary 4.1.7 : Let p and q>p be two primes; moreover, let q be of the form q =kp +10 
for some integer k>2. Then, 


if 101(p-1) 


> 


q(p—1) 
— 10 


BSP Eat, if 101(p—3) 
0 

Z(pq) = ai] 
ACPD, if 101(p-7) 





q +1) ; _ 
aa if 10|\(p—9) 


$ 


Proof : We consider the following four cases that may arise. 
Case 1. When p= 10a + 1 for some integer a> 1. 
In this case, the Diophantine equations (4.1.7) and (4.1.8) read as 


1= 10y —(x — ky)(10a + 1)p = 10[y — (x — ky)a] — (x — ky), 
1=(x —ky)(10a+ 1) - 10y = (x — ky) — 10[y — (x —ky)a]. 


Clearly, the minimum solution is obtained from the second of the above two equations with 








x—ky=1, y—(x—ky)a=0. 


47 Chapter 4 : Pseudo Smarandache Function 


Then, the minimum solution is y=a, and hence, the minimum m is given by 


-1 
m=qy= qe ) 


Case 2. When p=10a+3 for some integer a> 1. 
Here, the Diophantine equations (4.1.7) and (4.1.8) become 


1=10y-—(x —ky)(10a + 3)p = 10[y — (x — ky)a] — 3(x — ky), 
1=(« —-ky)(10a + 3) — 10y =3(x — ky) — 10[y — (x —ky)a]. 


The minimum solution is obtained from the first of the above two Diophantine equations with 








x —ky=3, y—(x—ky)a=1. 
Therefore, the minimum y is y=3a+1, and consequently, the minimum m is 
_ 9Gp +1) 
1 10 1. 





m=qy — 1=q(3a+ 1) 


Case 3. When p=10a+7 for some integer a> 1. 
Here, the Diophantine equations satisfied are 


1=10y-—(x —ky)(10a+7)p=10[y — (x — ky)a] — 7(x — ky), 
1=(« —ky)(10a+7) — 10y =7(x — ky) — 10[y — (x —ky)al], 


For which the minimum solution is obtained from the second equation as 








x — ky =3, y—(x—ky)a=2. 
Thus, the minimum solution is y =3a+ 2, and the minimum m is 


3p- 1 
m=qy=q(3a+2)=4P—) Fa ), 


Case 4. When p= 10a +9 for some integer a> 1. 
In this case, the Diophantine equations (4.1.7) and (4.1.8) take the forms 


1= 10y- (x —ky)(10a+ 9)p = 10[y — (x — ky)a] — 9(x — ky), 
1=(x — ky)(10a + 9) -9y = 10(x — ky) — 9[y — (x — ky)a]. 


Clearly, the minimum solution is obtained from the first equation, with 








x—ky=1, y- (x - ky)a=1. 
Thus, y=a+ 1, and the minimum m is given by 


m=qy-1=qa+1)-1= 4D], 


All these complete the proof of the corollary. m 


When q=(k+1)p—10, the Diophantine equations (4.1.1) and (4.1.2) become 
[(k+1) p-10]y—px=1, 


px—[(k+1) p- 10]y=1, 
that is, 
1=[(k+1)y — x]p — 10y, (4.1.9) 


1=10y —[(k+ ly — x]p. (4.1.10) 


We now prove the following result, which gives an expression of Z(pq) when p and q (>p) are 
primes with q=(k+1)p—10, k22. 
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Corollary 4.1.8 : Let p and q>p be two primes with q=(k+ 1)p—10 for some integer k>2. 
Then, 


q(p —1) = 
a | Se if 101-1) 


qp +1) cs 
ACPD if 101-3) 


Z(pq) = 
ASPLD 1, if 101(p=7) 





if 101(p—9) 


$ 


q(p +1) 
— T0 


Proof : We consider below separately the four cases that may arise : 
Case 1. When p= 10a + 1 for some integer a> 1. 
In this case, the Diophantine equations (4.1.9) and (4.1.10) may be rewritten as 


1=[(k+ ly — x](10a+ 1) — 10y=[(k+ ly — x] — 10[y — {(k+ Dy — x}a], 
1=10y — [(k+ ly — x](10a+ 1) = 10[y — {(k+ Dy — x}a] — [(k+ ly — x]. 
The first of these two give the minimum solution, namely, 
(k+1)y-x=1,y-{(k+1)}yy-x}ła=0. 
The minimum solution is thus y = a, and consequently, the minimum m is 


-1 
m=qy-1=® 2-1. 


Case 2. When p= 10a +3 for some integer a> 1. 
Here, (4.1.9) and (4.1.10) become 


1=[(k+1)y-x](10a + 3) — 10y =3 [(k+ 1)y — x] - 10[y - {(k+ Dy - x}al], 
1=10y —[(k+ 1)y — x](10a+3) =10[y — {(k+ l)y — x}a] - 3[(k+ Dy - x]. 
The minimum solution, obtained from the second of the above two equations, is 
(k+ ly -—x=3, y—-{(k+Dy—-x}a=1. 
Then, the minimum solution is y =3a + 1, and the minimum m is 


3p +1 
m= qy = p- ) 


Case 3. When p= 10a +7 for some integer a> 1. 
In this case, from (4.1.9) and (4.1.10), we have 


1=[(k+1)y-x](10a+ 7) — 10y=7 [(k+ l)y — x] — 10[y — {(k+ Dy — x}a], 
1=10y — [(k+ ly — x](10a+7) = 10[y — {(k+ Dy — x}a] — 7[(k+ l)y — x]. 
The minimum solution is then obtained from the first equation as follows : 
(k+ ly -—x=3, y—- {(k+ Dy —x}a=2. 
Thus, y=3a+2, and the minimum m is 


-1 
m=qy-1=98 2-1. 


Case 4. When p=10a+9 for some integer a> 1. 
From the Diophantine equations (4.1.9) and (4.1.10), we have 


1=[(k+ ly — x](10a+ 9) — 10y =9 [(k+ 1l)y — x] — 10[y — {(k+ Dy — x}a], 
1=10y — [(k+ ly — x](10a+ 9) = 10[y — {(k+ ly — x}a] — 9[(k+ ly — x]. 
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Clearly, the minimum solution is obtained from the second equation, which is 
(k+ly-x=l1,y—{(k+Dy-x}a=1. 
This gives the minimum solution y=a+ 1, and the minimum m is 


+1 
m=qy=224 ) 


All these complete the proof. m 


The following lemma derives an expression of Z(5.3*) for any integer k2 1. 


Lemma 4.1.11 : For any integer k> 1, 


ci if k=4n+2 
3-1, if k=4m+1) 
2.3‘ -1, if k=4n+1 
2.35, if k=4n+3 


Z(5.3*) = 


Proof : By definition, 
Z(5.35)= min {m : 5.31 2H }, 
where 3* must divide one of m and m +1. 


We first prove that, for any integer n2 1, 10 divides 37@"* +1. The proof is by induction on n. 
Clearly, the result is true for n = 1, as can easily be verified. So, we assume that the result is true 
for some integer m. Now, writing 


3203 4 1 = 81632) + 1) — 80, 


we see, by virtue of the induction hypothesis, that 10 divides 37°"*?) +1 as well. This in turn 
shows that the result is true for n+ 1, which we intended to prove. 


The above analysis shows that 10.377"*) divides 320"*)[372"*) 4 1], and consequently, 
Z(5.3?2=+D) = 322n+1) nel. 


Next, we show that, 10 divides 3“"*!)— 1 for any integer n > 1. Here also, the proof is by 
induction on n. The proof for n=1 is straight-forward. So, we assume that the result is true for 
some integer n. Then, since 


3442) 1 = 81(34*)_ 1) + 80, 


this, together with the induction hypothesis, shows that the result is true for n+1 as well. Thus, 
10 divides 34@*+)— 1, and hence, 


Z(5.340*D) = 348040 > 7, 
To find Z(5.3*"*'), we write 2.3*"*!— 1 as follows : 
2.34+1_ | =6.34=5.34 (31), 
which shows that 5 divides 2.34"*!—1. Thus, 10.34°*! divides 2.34"*!(2.34"+!— 1), and hence, 


266.3"; =2.3°"— TL n21. 
Finally, since 
23° + =6.3""* 15,3 (3 1), 


it follows that 5 divides 2.3**3 + 1. Consequently, 
(5.343) = 2.343, n> 1, 


All these complete the proof of the lemma. m 





It may be mentioned here that, the above result is valid for n=0 as well, since 
Z(45) =9, Z(405) = 80, Z(15) =5, Z(135) = 54. 


50 Smarandache Numbers Revisited 


4.2 Miscellaneous Topics 


In this section, we consider two Diophantine equations involving Z(n). The first one is the 
equation Z(n) + SL(n)=n, posed by Xin Wu, while the second one is Z(n)+SL(N) =n. In this 
section, we also introduce the Diophantine equation Z(mn) = m* Z(n) for which m= 1, n=1, 
k=1 is the trivial solution, and the problem is to find non-trivial solutions of the equation. The 
analysis shows that the equation Z(mn) = m* Z(n) is rather interesting. 


Xin Wu considered the Diophantine equation 
Z(n) + SL(n) =n, 
where SL(n) is the Smarandache LCM function, defined below. 


Definition 4.2.1 : The Smarandache LCM function, denoted by SL(n), is defined as 
SL(m)=min {k>1:nI[1, 2, ..., k] }, 


where [1, 2, ..., k] is the least common multiple of the integers 1, 2, ..., k. 


Then, we have the following result, which gives the expression of SL(n). 


Lemma 4.2.1 : Let n= p“ p? bs p," be the representation of the integer n in terms of its r 
prime factors pı, p2, ..., pr. Then, 


SL(n) = max { p”, Po”, Fes p,” J; 


The solution of the Diophantine equation Z(n)+SL(n)=n is given in Theorem 4.2.1. To prove 
the theorem, we need the following result, which gives the expression of Z(2* p®) for some 
particular cases. 


Lemma 4.2.2 : Let n be of the form 
n=25p*, 
where p> 3 is a prime, and k> 1 and a> 1 are integers. Then, 
(1) if 2'*' divides (p*+ 1), then Z(n) =p‘, 
(2) if 2"! divides (p*— 1), then Z(n) = p*— 1, 
(3) if 2‘ divides (p*— 1) but 2**! does not divide (p*— 1), then Z(n) = p* (25-1), 
(4) if p* divides (2‘— 1), then Z(n) = 2 (p*— 1). 
Proof : By definition, 
Zn) =Z(2* p*)=min {m : ž p MALY} 
(1) If 2**! divides (p*+ 1), then 
2%! p® divides p* (p*+ 1), 
and consequently, Z(n) = p*. 
Now, to prove the remaining cases, we consider the two possibilities that may arise : 


Case 1. When 2**! divides m, and p* divides (m+ 1). 
In this case, 
m=2"*!x,m+1=p"y for some integers x>1, y>1. 


Then, we have the following Diophantine equation : 


pry xe. (3) 
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Case 2. When 2**' divides (m + 1), and p” divides m. 
Here, 

m+1=2**!x, m=p*y for some integers x>1, y>1, 
resulting in the Diophantine equation 


xp yea, (4) 
(2) Let 2**! divide (p*— 1), so that 
p*— 1=2**'a for some integer a> 1. 
Since, p*= 2**!a+ 1, plugging in the equations (3) and (4), we get 
(21 a+ 1)y-2*!x=1, 2"! x- (2! a+1)y=1, 


that is, 
"ay —x)+y=1, (5) 
2kI(x—ay)-y= 1. (6) 
Clearly, the minimum solution is obtained from (5) with 
y=l, ay—x=0. 
Thus, the minimum m is given by 
m=p*-1. 
(3) Let 2* divide (p*—1) but 2**! does not divide (p*— 1). Then, 
p"— 1=2*b for some integer b> 1, b#2. 
Therefore, the equations (3) and (4) take the forms 
(2ka+ lyy—2*!x=1, 2"! x- (25a+ 1)y=1, 
that is, 
2kay —2x) + y=1, (7) 
22x -ay)-y=1. (8) 
Then, (8) gives the minimum solution as follows : 
2x —ay=1, y=2*-1. 
Thus, the minimum m is 
m=p*y=p*(2\— 1). 
(4) Let p“ divide (2*— 1). 


Then, 
2*— 1=p*c for some integer c>1, 


and the Diophantine equations (3) and (4) become 
p°y—2(p*c+ 1)x=1, 2(p*c + 1)x-p*y=1, 
that is, 
p" (y—2cx)-2x=1, (9) 
p*(2cx-y)+2x=1. (10) 
The minimum solution, obtained from (9), is 
y—2cx=1, 2x=p*-1. 
Consequently, the minimum m is 
m=2 x= 24 p"=1), 


All these complete the proof of the lemma. m 
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Theorem 4.2.1 below gives the solution of the Diophantine equation Z(n) + SL(n) =n. 


Theorem 4.2.1 : The Diophantine equation Z(n) + SL(n) =n has the solution 
n=2* p* 
where 2* and p° are such that either p*|(2‘—1), or 21 (p*— 1) but 2**! does not divide (p*— 1). 
Proof : If p* divides 2‘—1, then by part (3) of Lemma 4.2.2, Z(n) = Z(2* p*) = 2*(p%— 1). 
Now, since SL(n) = SL(2* p*) = 2*, we get 
Z(n) + SL(n) =n. 
On the other hand, if 2* divides (p*—1) (but 2*! does not divide (p*—1)), then (by part (4) of 
Lemma 4.2.2) Z(n) =Z(2* p*) = p*(2*— 1). In this case, SL(n) = SL(2‘ p*) = p*, and hence, 
Z(n)+SL(n) =n. m 


Theorem 4.2.1 proves that n=2* p* (satisfying either of the two conditions (3) and (4) of 
Lemma 4.2.2) is a solution of the Diophantine equation Z(n) + SL(n) =n. The question is 


Question 4.2.1 : Are there other solutions of the Diophantine equation Z(n) + SL(n) = n, 
besides those given in Theorem 4.2.1? 


It may be mentioned here that, in finding Z(2* p*) in Lemma 4.2.2, we have considered only 
those cases that ate relevant to the solution of the Diophantine equation Z(n) + SL(n) =n. In 
Lemma 4.2.2, there are other cases that remain to be considered. When a= 1 in Lemma 4.2.2, 
we get Z(p.2*), some of which have already been found (the cases p=3, 5, 7, 11, 13, 17, 19, 31 
have been derived in Lemma 4.2.6, Lemma 4.2.7, Lemma 4.2.8, Lemma 4.2.9, Lemma 4.2.10, 
Lemma 4.2.11, Lemma 4.2.12 and Lemma 4.2.13 in Majumdar®?, while the explicit expression 
of Z(23.2*) appears in Lemma 4.1.9 in this book). We have the following open problem. 


Open Problem 4.2.1 : Find Z(2* p*), where p>3 is a prime, and k>1 and a> 1 are integers. 


Though Lemma 4.2.2 provides only a partial expression for Z(2* p‘), nevertheless, we can 
derive some important and interesting results from it. For example, in part (1) of Lemma 4.2.2, 
let a=1, p=24—1, where q=2 is a prime (so that p is a Mercenne prime). Now, choosing 
k+1=q, we get the following formula : 

Z(29-!(24—1)) =21—1, q>2 is a prime. (4.2.1) 
In particular, we get the following expressions : 

22.3) =3; Z(2.7)=7, 22", 31) 331, 22°27) = 127. 
Again, note that, in part (2) of Lemma 4.2.2 (with p=3, a@=2), both 2? and 2? divide p’-1=8, 
so that 

Z(2.3°)=8 = Z(2?.3?). 
On the other hand, since 2? divides p?— 1=3*—1 but 2*does not divide p?—1=8, it follows by 
part (3) of Lemma 4.2.2 that 

Z(23,3) = 3? (23-1) =63. 
Finally, to demonstrate the result of part (4) of Lemma 4.2.2, note that 3? divides 2°—1 and 3° 
divides 2!8— 1. Therefore, 

Z(2°.37) = 512, Z(2'8.33) = 6815744. 


From part (4) of Lemma 4.2.2, we immediately get the following 


Corollary 4.2.1 : Let p (23) be a prime, and let k (>0) be an integer such that p divides 
k_ 
2*— 1. Then, 
Z(p.2*) = (p—1)2*. 
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In Example 4.2.1, we consider in detail some straight-forward and elementary implications 
of Corollary 4.2.1. 


Example 4.2.1 : We consider several applications of Corollary 4.2.1 below. 


(1) We first prove the following result : 3 divides 2™—1 for any integer m> 1. 

The proof is by induction on m. Clearly, the result is true for m=1. So, we assume that 
the result holds for some integer m. Now, writing 

22m+) _ 1 = 4(2™— 1) +3, 
we see, by virtue of the induction hypothesis, that 3 divides 2%™*—1, showing that the 
result is true for m+ 1 as well. This completes the proof by induction. 
Alternatively, since 2™— 1, 2™ and 2™+ 1 are three consecutive integers, it follows that 
one of 2™— 1 and 2™+ 1 is divisible by 3, and hence, so also is (2™—1)(2™+ 1)=2™-—1. 
Having proved the above result, we get, by Corollary 4.2.1, 

102 22 m21. 
For an alternative proof, see Corollary 4.1.2 in Majumdar™. 
Some particular cases of the above result are the following : 

Z(12) =8, Z(48) = 32, Z(192) = 128, Z(768) = 512. 

(2) Before finding an explicit expression form of Z(5.2*"), m>1, we prove that, 5 divides 
2*"_] for any integer m>1. This can be proved by induction on m. The case m=1 is 
trivial. So, we assume that the result is true for some integer m. Then, since 

24+) _ 1 = 16(24™@—-1) +15, 
we find, appealing to the induction hypothesis, that 2“"*"—1 is divisible by 5. Thus, the 
result is true for m+ 1 as well. This proves the desired assertion. 
Hence, by Corollary 4.2.1, 
25.2%) =20mD m>1. 
The same result has been established in Lemma 4.2.7 in Majumdar®. 
Using the above result, we get the following values : 
Z(80) = 64, Z(1280) = 1024, Z(20480) = 16384. 
(3) In order to find Z(7.2°"), m> 1, we need the following result : 7 divides 2°™—1 for any 


integer m2 1. To prove the result by induction on m, we assume its validity for some 
integer m. Then, since 


23m) _ 1 = 8(29™_1) +7, 
we see that 2*"*)— 1 is divisible by 7. This completes induction. 
By Corollary 4.2.1, 
20.2 =3.2™! m21, 
which matches with the result given in Corollary 4.1.3 in Majumdar®. 
In particular, we get the following values : 
Z(56) =48, Z(448) = 384, Z(3584) = 3072. 
(4) Since 11 divides 2° + 1 =33, it follows that 11 divides (25+ 1)(2°—1)=2!°—1. It then 


follows that 11 divides 2'°"—1 for any integer m>1. The proof is by induction on m. 
Assuming that 2'°™— 1 is divisible by 11 for some integer m, and then writing 


210(m+1) _ 1 =2!0 (210m 1) + (21 a 1), 
we see that 11 divides 2!°™*)— 1, which we intended to prove to complete induction. 
By Corollary 4.2.1, 


Z(11.2'0™) =5,2!0™! m>], 
See also Lemma 4.2.9 in Majumdar® for an alternative proof. 
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(5) To find an expression of Z(13.2'°"), m>1, we note that 13 divides 2°+ 1=65, so that 13 


(6 


(7 


— 


— 


divides (2°+ 1)(2°—1)=2'’—1. We now prove that 13 divides 2'°""—1 for any integer 
mèÈ 1. The proof is by induction on m. So, we assume that 2!°"—1 is divisible by 13 for 
some integer m. Then, since 

912(m+1) _ 1 =2!2 (2m 1) + OF _ 1), 
it follows that 13 divides 2?™+)— 1, so that the result holds for m+1 as well, thereby 
completing induction. 
By Corollary 4.2.1, 

Z(13.2!1™) a3 20") m>1. 
For an alternative proof, see also Lemma 4.2.10 in Majumdar. 
It is easy to see that 17 divides 24+ 1. Thus, 17 divides (24+ 1)(2*— 1) =2°—1, and hence, 
by induction on m, 17 divides 28"—1 for any integer m>1. To do so, let 28"—1 be 
divisible by 17 for some integer m. Then, since 

28m+1) _ l= 28 Qm 1) +(2° = 1), 
it follows that 17 divides 28™+®—1, so that the result holds true for m+1 as well. This 
completes induction. 
By Corollary 4.2.1, 

Z(17.25®) = 2") m>1. 
For an alternative proof, see also Lemma 4.2.11 in Majumdar. 
In order to apply Corollary 4.2.1, for a given prime p, we have to find the (smallest) 
integer k such that p divides 2‘—1. In simple cases, we may find such a k by inspection. 
In other cases, it may not be simple. In such a case, we may refer to Lemma 4.1.7. For 
example, consider the prime p=19. Writing 19=2x9+1, and noting that 19 is of the 
form 8£ +3, by part (2) of Lemma 4.1.7, 19 divides 2°+1, and hence, by Corollary 4.1.1, 
19 divides (2? + 1)(2°—1)=2'8—1. We can then prove by induction on m that 19 divides 
2'8™_] for any integer m> 1. Then, in a similar fashion, we can deduce that 


Z(19.2!8m) = 9.21841 m>], 


Example 4.2.1 shows that, the equation 


Z(p.2*) = (p- 1) 


has an infinite number of solutions (both in p and k), which in turn proves that, the Diophantine 
equation Z(n) +SL(n)=n has an infinite number of solutions. Moreover, we may put the result 
in Corollary 4.2.1 as follows : The equation 


Z(p.25) = 2*Z(p) (p23 is a prime) 


has an infinite number of solutions. 


Corollary 4.2.2 : For any prime q 22, 


Z(29(29-1))=2%! (27! — 1). 


Proof : follows readily from Corollary 4.2.1, choosing k=q, p=29-1. m 


From Corollary 4.2.2, we get 


Z(3.2°)=8, Z(7.2°)=48, Z(31.2°) =960. 


The problem below is related to the Diophantine equation involving both the functions Z(n) 
and SL(n). 


Problem 4.2.1 : Find all the solutions of the Diophantine equation Z(n) = SL(n). 
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If p23 is a prime and n is such that 2n divides p+ 1, then (by Lemma 4.2.4 in Majumdar”), 
Z(np) = p=SL(np); 
and for any prime p > 3, and n such that 2n divides p?+ 1, (by Lemma 4.2.5 in Majumdar®’), 
Z(np*) = p* = SL(np’). 
This shows that the Diophantine equation Z(n) = SL(n) possesses solutions. So, the question is : 
Are there other solutions as well? 
In Section 3.2 (in Chapter 3), we have seen that the only solutions of the equation 
S(mn) = mk S(n) 
are (a) (m, n, k)=(1, 1, 1), (b) (m, n, kK) =(4, 1, 1), (c) (m, n, k)=(p, 1, 1) (where p (2) is a 
prime), and (d) (m, n, k) =(2, 2, 1). However, the situation is different in case of the equation 
Z(mn) = m* Z(n), (4.2.1) 
where m, n and k are positive integers. 
There is nothing to prove if m= 1 in (4.2.1). Moreover, we would ignore the trivial solution 
(corresponding to m= 1, n= 1, k=1). When n=1, (4.2.1) becomes 
Z(m) =m“, (4.2.2) 
which has a solution only when k= 1 (since Z(m) < 2m—1 for all m24), with the solution m= 1. 


Recall that Z(m) =m has no solution for m > 2. When n=2 in (4.2.1), the resulting equation 
Z(2m) = 3m<k has no solution in m and k. However, we have the following result. 


Lemma 4.2.3 : The equation Z(mn) =m* Z(n) always has a solution, and has, in fact, an 
infinite number of solutions. 

Proof : Each of the nine examples in Example 4.2.1 shows that the equation has an infinite 
number of solutions when k= 1. m 


The (infinite number of) solutions of the equation Z(mn) = m* Z(n) corresponding to the 
primes p=3, 5, 7, 11, 13, 17, 19 are given in Example 4.2.1. We found no solution of the 
equation (4.2.1) when n=4, but for n=6, the corresponding equation is 


Z(6m) = 3m‘, (4.2.3) 


which possesses solutions. Appealing to Lemma 4.2.18 in Majumdar®, we see that the equation 
(4.2.3) admits solutions when k= 1. In such a case, the solutions are given by 


(m, n, k)= (p, 6, 1), p is a prime such that 12 divides p—5S. 
Thus, for example, 
Z(6x5) = 15, Z(6x17) =51, Z(6x29) = 87, Z(6x41) = 123, Z(6x89) = 267. 
In this case, by Lemma 4.1.6 (with p=3), the second solution of (4.2.3) (with k= 1) is m=3*': 
Z(6.3™) 33.3", t21. 
When n= 10, the equation (4.2.2) reads as 
Z(10m) =4mk. (4.2.4) 
For k=1, by Lemma 4.2.22 in Majumdar®, m=p is a solution of (4.2.4), where p is a prime 
such that 20 divides p +9. Thus, for example, 
Z(110)=44, Z(310) = 124, Z(710)=284, Z(1310) = 524, Z(1510) = 604. 
However, Lemma 4.2.7 in Majumdar® provides a second solution of the equation (4.2.1), 
namely, k= 1, m= 251, n=5, where 4 divides s— 1 (that is, m=24™®, m> 1). Thus, for example, 
Z(10.2*) =4.24 = 64, Z(10.28) = 4.28 = 1024. 


We prove the result below involving Z(2p°) and Z(4p?). 
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Theorem 4.2.2 : Let p23 be a prime. Then, 

(1) If pis of the form p=8k+ 1, then Z(4p") = p?-1, 

(2) If pis of the form p=8k-—1, then Z(4p”) =p”, 

(3) If pis of the form p =8k +3, then Z(2p’) =p?—1, 

(4) If pis of the form p=8k+5, then Z(2p’) = p’. 

Proof : To prove part (1) of the theorem, note that, by the Binomial expansion, 


ao 


(8k +121 = "5" 


(8k)! +1, for any integers m>1,k>1. 
This shows that 8 divides (8k + 1)?"!—1 for all integers m> 1, k> 1. Hence, 
Z(Ap?) =pP— 1. 
(2) Expanding (8k—1)™*! by Binomial expansion, we see that 8 divides (8k — 1)™! + 1, and so 
Z(4p?) =p?. 
(3) First note that, for any integers n > 1 and m> 1, (4n—1)?™!+ 1 is divisible by 4. Thus, 
2m+l 


= eed i (8k)'3°""*" —1, for any integers m>1,k>1. 


i=l 


4 divides (8k +3)™*! —1 


This gives the result desired. 


(4) Since (4n + 1)?™*'—1 is divisible by 4 for any integers n>1 and m>1, we see that 


= ae i (8K)15" 4.1, for any integers m>1,k>1. 


i=1 


4 divides (8k +5)™! +1 
All these complete the proof of the theorem. m 


Open Problem 4.2.2 : Solve completely the equation Z(p.2*) = (p— 1)2*. 
Open Problem 4.2.3 : Solve the equation Z(mn) = m* Z(n) with k>2. 
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Chapter 5 Smarandache Number Related Triangles 


This chapter is devoted to the Smarandache function related and pseudo Smarandache function 
related triangles. The concept of the Smarandache function related triangles was introduced by 
Sastry‘), which was extended by Ashbacher® to include the pseudo Smarandache function 
related triangles as well. 


Let AABC be a triangle with sides a=BC, b=AC, c= AB. Following Sastry, we denote 
by T(a, b, c) the triangle AABC. Let T(a’,b’,c’) be a second triangle with sides of lengths a’, b’,c’. 
Recall that the two triangles T(a, b,c) and T(a’,b’,c’) are similar if and only if their three sides 
are proportional (in any order). Thus, for example, if 


a_b_c s a _b 
—S E aana a a A f 5 =- 
a' b’ c’ (or, i b c 


), 


£e 
a e a Cb! 
then the two triangles T(a, b, c) and T(a’, b’,c’) are similar. 
The following definition is due to Sastry® and Ashbacher®. 
Definition 5.1 : Given are two triangles T(a, b,c) and T(a’,b’,c’) (where a,b,c and a’,b’,c’ 
are all positive integers). 
(1) T(a, b,c) and T(a’, b’, c’) are said to be Smarandache function related (or, S—related) if 
S(a)=S(a’), S(b) = S(b’), S(c) =S(c’), 
(where S(.) is the Smarandache function, defined in Chapter 3); 
(2) T(a, b,c) and T(a’, b’,c’) are said to be pseudo Smarandache function related (or, Z—related) 
if 
Z(a) =Z(a'), Z(b) =Z(b'), Z(c) =Z(c’), 
(where Z(.) is the pseudo Smarandache function, treated in Chapter 4). 


A different way of relating two triangles has been proposed by Sastry) : The triangle 
AABC, with angles a, B and y (a, B and y being positive integers), is denoted by T(a, B,y). Then, 
we have the following definition, due to Sastry“ and Ashbacher™. 


Definition 5.2 : Given two triangles, T(a, B, y) and T(a’, B’, y’), with 
a+p+y=180=a'+P'+y’, (5.1) 
(1) they are said to be Smarandache function related (or, S— related) if 


S(a) =S(a’), S(B)=S(B), SM) =S’); 
(2) they are said to be pseudo Smarandache function related (or, Z—related) if 


Z(a) =Z(a’), Z(B)=Z(B’), Z =Z7’). 


Note that, in Definition 5.1, the sides of the pair of triangles are S—related/Z-—related, while 
their angles, measured in degrees, are S—related/Z—related in Definition 5.2. 


Section 5.1 reproduces the results related to the 60-degree and 120-degree triangles, which 
show that the sides of such a triangle satisfies a Diophantine equation. A set of partial solutions 
of the Diophantine equation is derived in Section 5.2. Some remarks are given in the final 


Section 5.3. 
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5.1 60-Degree and 120-Degree Triangles 


Let T(a, b,c) be the triangle with sides a, b and c, 

and angles ZA, ZB and ZC, as shown in the 

figure. Then, b a 
a b c 


sinA sinB sinC’ A = B 





Of particular interest is the triangle whose one angle is 60°. The lemma below gives the 
Diophantine equation satisfied by the sides of such a triangle. 


Lemma 5.1.1 : Let T(a, b,c) be the triangle with 
sides a, b and c, whose ZA =60° (as shown in the 
figure). Then, 

4a? = (2c -b)+ 3b’. (5.1.1) b a 


A z B 


The following lemma gives the Diophantine equation satisfied by the sides a, b and c of the 
triangle whose ZA = 120°. 


Lemma 5.1.2 : Let T(a, b,c) be the triangle with Ç 
sides a, b and c, whose ZA = 120° (as shown in the 
figure). Then, 

48° = (2c +b} + 3b’. (5.1.2) 
AN i 
A 


c 


When ZA= 60°, then a is in between the smallest and the largest sides of the triangle 
T(a, b,c); and if ZA = 120°, then a is the largest side of the triangle. Formally, we have 


Lemma 5.1.3 : If (ao, bo, co) is a non-trivial solution of the Diophantine equation 
4a? = (2c—b)’ + 3b’, (5.1.1) 


then min { bo, co} <ao<max {bo, co}. 


By Lemma 5.1.3, if (ao, bo, co) is a (non-trivial) solution of the Diophantine equation 
4a? =(2c—b) + 3b’ (so that a, b, c are all positive and distinct), then, without loss of generality, 


bo> ao > Co. 


If one solution of the Diophantine equation (5.1.1) is known, then we can find a second 
independent solution of it. This is given in the following lemma. 


Lemma 5.1.4 : If (ao, bo, co) is a solution of the Diophantine equation 
4a? = (2c —b)’* + 3b’, (5.1.1) 
then (ao, bo, bo— Co) is also a solution of (5.1.1). 


Lemma 5.1.4 shows that the Diophantine equation 4a” = (2c — b)? + 3b? possesses (positive 
integer) solutions in pairs, namely, (ao, bo, co) and (ao, bo, Do— co), which are independent. Note 
that, by symmetry, (ao, Co, bo) and (ao, bo—Co, bo) are also solutions of the Diophantine equation. 
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Next, we confine our attention to the Diophantine equation 
4a? = (2c +b)? + 3b’. 


In this case, we have the following result. 


Lemma 5.1.5 : If (ao, bo, co) is a solution of the Diophantine equation 
4a? = (2c +b)? + 3b’, (5.1.2) 
then ap > max {bo, co}. 


The following lemma shows how the solutions of (5.1.1) and (5.1.2) are related. 


Lemma 5.1.6 : If (ao, bo, co) is a solution of the Diophantine equation 


4a? =(2c—b)* + 3b’, (5.1.1) 
with bo> co, then (ao, bo —Co, Co) is a solution of the Diophantine equation 
4a? = (2c +b)* + 3b’. (5.1.2) 


In Section 5.2, partial solutions of the Diophantine equations a?=b?+c?°+bc are given. Note 
that, by Lemma 5.1.6, it is sufficient to consider the Diophantine equation a? = b? + c’—be only. 


5.2 Partial Solutions of a?=b*+c?+be 


First, we consider the Diophantine equation 
a° =b? + c*—be, (5.2.1) 
where, without loss of generality, we may assume that b >c > 0. One set of solutions of (5.2.1) is 


given below. 


Proposition 5.2.1 : The Diophantine equation a? =b? + c?—be (b>c>0) has the following 
solutions : 














(1) For m>1, 
a=3m* +3m+l, 
b=3m?+4m+l=a+m, 
c=m(3m+ 2)=a—-m-l. 
(2) For m=>2, 
a=m?°+m+1, 
b=mm +2), 
c=m’-1. 


Proof : In the Diophantine equation (5.2.1), substituting 


b=X+Y,c=X-Y, (5.2.2) 
so that 
X=4(b +0), Y=4(b-9), 
we get 
a?=(X + Y)? + (X—Y)?—-(X + Y)(X— Y)=X? + 3Y’, 
that is, 


(a+ X)(a—X)=3Y2. (5.2.3) 
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We now consider the following cases that may arise : 


Case 1: Whena+ X=3Y’, a—X=1. 
Here, 


a= 4BY° +1), X= +BY" 2); 
Then, Y must be odd, say, Y =2m + 1 for some integer m>1. Substituting this, we get 


a= 432m +1) +1] =2m? +3m+)), 


x =4[3(2m +1)” —1]=6m? +6m+1, 
which give 

b=X+Y =23m’*+4m+)), 

c=X-Y =2m(3m+ 2). 
We thus get the set of solutions (discarding the common factor 2) mentioned in part (1) of the 
proposition. 
Case 2: Whena+X=Y*,a—-X=3. 
In this case, 

—lry?2 —lry2_ 

a= zY +3), X zY 3). 

Then, Y must be odd, say, Y =2m + 1 for some integer m> 1. Substituting this, we get 


a =4[(2m +1)” +3]=2Xm? +3m+1, 


X=4{(2m +1)* -3] =2m* +2m-1, 


which give 
b=X+ Y =2m(m+ 2), 


c=X-Y =2(m? -1). 


Therefore, corresponding to this case, we get the set of solutions (ignoring the common factor 2), 
stated in part (2) of the proposition. 


Case 3: When a+ X=3Y, a- X=Y. 
In this case, a=2Y, b=2Y, c=0, and hence, we exclude this case. 
This completes the proof. m 


Proposition 5.2.1 gives only partial solutions of the Diophantine equation a? =b? + c?—bc 
(b>c>0). More solutions are given in Proposition 5.2.2 and Proposition 5.2.3. 


Proposition 5.2.2 : A second set of solutions of the Diophantine equation a? =b? + c?—be 
(b>c>0) is: 
(1) For m=>2, 
a=3m* + 1, 
b=3m* +2m-1, c=3m° -2m-1. 
(2) For m>4, 
a=m° + 3, 


b=m? +2m-3, c=m? -2m-3. 
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Proof : Let, in the Diophantine equation (5.2.3), Y be a multiple of 2, say, 
Y=2Z for some integer Z> 1. 
Then, (5.2.3) takes the form 
(a+ X)(a—X)=12Z?. (5.2.4) 
We now consider the following two cases : 


Case 1: When a+ X=3Z7, a—X=4. 
In this case, 


a= 462? +4), X= 4062? —4), 
Substituting Z=2m, we get 
a=23m +1), X=23m" —1), 
and hence, 
b=X+Y =23m’ +2m-1), c=X—Y =23m’ —2m-1). 


Case 2: When a+ X=Z’, a—X=12. 
Here, 


a=4(Z’ +12), X=4(Z* -12. 
We now substitute Z=2m to get 
a=2(m? +3), X=2(m? —3), 
so that 
b=X+Y =m’ + 2m—3), c=X -Y =2(m? —2m-— 3). 
In each case, disregarding the common factor 2, we get the desired results. m 
Proposition 5.2.3 : The Diophantine equation a? =b? + c?—be (b>c>0) has the following 


sets of solutions (p= 3 being a prime) : 
(1) For m>1, 


a= 3m? +m)+ Lip? + 3), 








b=3m" 4 (p+3)m Lip? 2p 3), c=3m? (p-3)m Lip? + 2p —3). 
(2) For m>1, 
a=p?(m? +m)+4(p" +3), 











b=p° m? +p(p+1)m+4(p* + 2p—3), c=p°m? + p(p-1)m+ bp? -2p-3). 
(3) For m>1, 
a= 3p (m? +m) + 1Gp? +1), 








b=3p m? +p(3p+1)m+4 bap? + 2p-1), c=3p m? + p(3p—1)m +4 Lap? 2p-1). 
(4) For m>1, 
a=(m? +m) + Gp? +1), 








b=m?+(p+1)m 1 (3p? —2p—1), c=m? -(p-1)m 1 (3p? +2p-1). 
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Proof : Let, in (5.2.3), Y be a multiple of the prime p>3, that is, 
Y=pZ for some integer Z> 1. 
Then, (5.2.3) becomes 
(a+X)(a—X)=3p’Z’. (5.2.5) 
We now consider the following four cases only, which give different sets of solutions of the 
equation : 


Case 1 : When a+ X=3Z’, a—X=p’. 
Then, 


a= tez +p’), X= tez =p’); 


Substituting Z=2m+ 1, we get 




















2 2 
a=6(m?+ m) + E3, x =6(m?+ m- 5, 
and hence, 
2 2 igs 
b=X+Y =6(m? +m) PS 3 4 p(2m +1) =2[3m? +(p+3)m]—2 =P = 
2 p +3 2 p? +2p-3 
c=X-Y =6(m* +m) 7 p(2m+1)=2[3m? - (p -3)m] 7 f 
Case 2: When a +X =p°Z?, a—X=3. 
In this case, 
a =} Z +3), X =l? Z =), 
Substituting Z=2m+ 1, we get 
2 2 
a= 2p°(m? +m)+ = X= 2pm? +m)+ A 
which, in turn, gives 
E 2 On 
b=X+Y =2p?(m? +m) +P + p(2m+1)=2p?m? + p(p+ 1m] +P +P +e a 





2 Asc 
c=X-Y=2p (m? +m) +P- pam +1) = 2fp*m? + plp—1ym] +P =P 


Case 3: When a +X =3p Z, a-X=1. 
Here, 
a=4p°Z’ +1), X=4Gp°Z’ N. 


We substitute Z=2m+ 1, to get 


3p°-l 
2 > 


3p°+1 
2 








a=6p7(m? +m)+ ; X =6p"(m? +m)+ 


so that 


2 2p=1 


b=X+Y =6p (m? +m) + p(2m +1) = 2[3p” m? pGp+ im] +22 5 








3p? -l1 
2 














3p? -1 


z ~~ P(2m.+ 1) =2[3p* m? + p3p—1 ym] 


c=X-Y =6p (m? +m) 








3p°-2p-1 
7 
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Case 4: When a+X=Z’, a—X=3p’. 
Here, 


a= (Z +3p"), X=4(Z - 3p”). 


We substitute Z=2m+ 1, to get 

















= k ie: 
a= 2(m? + m) + — X = 2(m? m) = L 
2 fie ae 
b=X+Y=2(m?+m)- pe + pQm-+1)=2[m? + (p+1)m]-=2 Pt 
a 2 2 
c=X-Y =2(m? +m) -2P =} -pm +1) =2[m? (p-1)m] 3p E. r, 


All these complete the proof. m 


Note that, in Proposition 5.2.3, we have made use of the fact that, p?+3, 3p?+1, p?+2p—3 
and 3p*+2p—1 are all divisible by 4 when p>3 is a prime. The proof is simple : For example, 
since p=2q+1 for some q>1, p?>+3=4(q?+q+ 1), and then writing 3p’+ 1 =3(p?+3)—8, the 
proof follows for p?+3 and 3p*+ 1. The proofs of the other cases are similar. 


Some particular cases of Proposition 5.2.3 are given in the following five corollaries, for 
some particular values of p. 


Corollary 5.2.1 : Corresponding to p=3, there are two sets of (independent and distinct) 
solutions of the Diophantine equation (5.2.1), which are given below : 
(1) For m>1, 
a=27m? + 27m+7, 
b=27m? +30m +8, c=27m? +24m +5. 
(2) For m=5, 
a=m°+m+7, 
b=m? +4m-5, c=m*-2m-8. 





Corollary 5.2.2 : Corresponding to the prime p=S, the four sets of (independent) solutions 
of the Diophantine equation (5.2.1) are as follows : 


(1) For m>3, 

a =3m? +3m+7, 

b=3m? +8m-3, c=3m? —2m-8. 
(2) For m>1, 

a=25m? +25m+7, 

b=25m? +30m+8, c =25m? +20m +3. 
(3) For m>1, 

a=75m? +75m+19, 

b=75m? +80m+21, c=75m? +70m+16. 
(4) For m> 8, 


a=m°+m+19, 
b=m?+6m-16, c=m? -4m-21. 
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Corollary 5.2.3 : When p=7, there are four sets of (independent) solutions of the 
Diophantine equation (5.2.1), which are as follows : 


(1) For m>4, 

a=3m? +3m+13, b=3m* +10m-8, c=3m? —4m-15. 
(2) For m>1, 

a=49m° +49m+13, b=49m” +56m+15, c= 49m? + 42m +8. 
(3) For m>1, 


a=147m? +147m+37, b=147m* +154m+ 40, c=147m? +70m 433. 
(4) For m>11, 


a=m° +m+37, b=m? +8m-33, c=m? —6m—40. 


Corollary 5.2.4 : When p=11, the four sets of (independent) solutions of the Diophantine 
equation (5.2.1) are 


(1) For m>6, 

a=3m° +3m+31, b=3m? +14m-24, c =3m° -8m-35. 
(2) For m>1, 

a=12lm? +121m+31, b=121m° +132m+35, c =121m? +110m + 24. 
(3) For m>1, 


a=363m? +363m+91, b=363m7 +374m+96, c =363m? +352m +85. 
(4) For m> 17, 


a=m?+m+91, b=m? +12m-85, c=m° —10m—96. 


Corollary 5.2.5 : When p=13, the four sets of (independent) solutions of the Diophantine 
equation (5.2.1) are given below. 


























(1) For m>6, 

a=3m° +3m+ 43, 

b=3m? +16m-35, c=3m? -10m—48. 
(2) For m>1, 

a =169m? +169m+ 43, 

b=169m? +182m+ 48, c=169m? +156m +35. 
(3) For m>1, 

a=507m? +507m+127, 

b=507m? +520m+133, c =507m? + 494m +120. 
(4) For m>19, 


a=m +m+127, 
b=m° +14m-120, c=m° -12m -133. 





Eight sets of solutions of the Diophantine equation a? =b? + c?—bc (b>c>0) are given in 
Proposition 5.2.1—Proposition 5.2.3, which are supplemented by the solutions, given as special 
cases, in Corollary 5.2.1 — Corollary 5.2.5. Note that, the solutions found in the three propositions 
and five corollaries are not exhaustive; moreover, some of the cases are overlapping. For 
example, when p=3, the solutions given in parts (1) and (2) of Proposition 5.2.3 coincide with 
those given by Proposition 5.2.1. 
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Remark 5.2.1 : It may be mentioned here that, unrestricting m in Propositions 5.2.1—5.2.3, 
we get the solutions of the unrestricted Diophantine equation a?°=b? + c?—bc (with no 
restriction on the signs of a, b and c), and we have put restrictions on m only to guarantee 
that a, b, c are all positive (integers). Note that, if (ao, —bo, —co) is a solution of the 
Diophantine equation (5.2.1), so also is (ao, bo, co). We now state and prove the following 
result. 


Lemma 5.2.1 : Let (ao, bo, —co) be a solution of the Diophantine equation 
a’=b? +c?—be. 
Then, (ao, bo+Co, Co) is also a solution. 
Proof : Since (ao, bo, —co) be a solution of the Diophantine equation, we have 
ao” = bo? + co? + boco. 
Now, since 
(bo + co)? T co? = (bo + Co)Co = bo? a co? +boco, 
we get the desired result. m 
For example, in part (3) of Corollary 5.2.1, m=0 gives the solution (7, —5, —8) of the 
unrestricted solution of the Diophantine equation a? =b? + c?—bce, so that (7, 5, 8) is also a 
solution; again, m=2 gives the solution (13, 7, —8), so that by Lemma 5.2.1, (13, 15, 8) is 


also a solution. Again, from part (1) of Corollary 5.2.4, (91, 80, —19) is a solution 
corresponding to m=4, and hence, by Lemma 5.2.1, so also is (91, 99, 19). 


Next, we consider the Diophantine equation 
a?=b?+c¢?+be. (5.2.2) 


From the solution of the Diophantine equation a?=b?+c?—bc, we can find the solution of the 
Diophantine equation a?=b?+c?+ bc, using Lemma 5.1.6. Thus, using Proposition 5.2.1, we get 
the solution of (5.2.2) as follows. 


Proposition 5.2.4 : The following two sets of solutions are the solutions of the Diophantine 
equation a*=b* +c? +be : 
(1) For m>1, 
a=3m° +3m + l, 
b=2m +1, c=m(3m+ 2). 
(2) For m>2, 


a=m°+ m + 1, 


b=2m+1, c=m’- 1. 





Similarly, from Proposition 5.2.2, we get the following result. 


Proposition 5.2.5 : The Diophantine equation a? = b? + c? +bc has the following solutions : 
(1) For m=>2, 


a=3m? +1, 

b=4m, c=3m* —2m-1. 
(2) For m>4, 

a=m? 43, 


b=4m, c=m?—2m-3. 


Finally, we have the following result, by virtue of Proposition 5.2.3. 
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Proposition 5.2.6 : The Diophantine equation a*=b*+c?+bc has the following sets of 
solutions : 














(1) For m>1, 

a =3(m? +m)++(p" +3), 

b=p(2m+1), c=3m* —(p—3)m 1 (p? + 2p —3). 
(2) For m>1, 

a = pm? +m)++(p' + 3), 

b=p(2m+1), c=p? m? + p(p—1)m4 1 (p? -2p-3). 
(3) For m>1, 

a =3p (m? +m)+4-Gp? +1), 

b=p(2m+1), c=3p? m? + p(3p—1)m4 Lap 2p-1). 
(4) For m>1, 


a=(m? +m)+— Gp +1), 
b=p(2m+1), c=[m? - (p -1)m] 1p" + 2p-1). 





Proposition 5.2.4 — Proposition 5.2.6 gives, in total, eight sets of solutions of the 
Diophantine equation a?=b*+c?+be. The following five corollaries are particular cases of 
Proposition 5.2.6 for p= 3, 5, 7, 11, 13. 


Corollary 5.2.6 : Corresponding to p=3, the two sets of solutions of a? = b? + c?+be are 
(1) For m>1, 
a=27m? + 27m+ 7, 
b=6m+38, c=27m? + 24m+5. 
(2) For m=5, 
a=m?+m+7, 
b=6m+3, c=m?-2m-8. 


Corollary 5.2.7 : Corresponding to the prime p=S, the four sets of (independent) solutions 
of the Diophantine equation (5.2.2) are as follows : 


(1) For m>3, 
a=3m* +3m+7, 
b=5(2m+1), c=3m* —2m-8. 
(2) For m>1, 





a= 25m? +25m+7, 
b=5(2m+1), c=25m* + 20m + 3. 
(3) For m>1, 





a=75m* +75m+19, 

b=5(2m+1), c=75m? + 70m + 16. 
(4) For m>8, 

a=m?+m+19, 

b=5(2m+1), c=m* —4m—21. 
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Corollary 5.2.8 : When p=7, there are four sets of (independent) solutions of the 
Diophantine equation (5.2.2), which are as follows : 


(1) For m>4, 

a=3m* +3m+13, 

b=7(2m+1), c=3m* —4m-15. 
(2) For m>1, 

a=49m? + 49m +13, 

b=72m+1), c=49m? + 42m +8. 
(3) For m>1, 

a =147m? +147m+ 37, 

b=7(12m +1),c =147m? +70m + 33. 
(4) For m>11, 

a=m?+m+37, 

b=7(2m+7), c =m? — 6m — 40. 





Corollary 5.2.9 : When p=11, the four sets of (independent) solutions of the Diophantine 
equation (5.2.2) are 


(1) For m>6, 

a=3m? +3m+31, 

b=11(2m+1), c=3m? -8m -35. 
(2) For m>1, 

a=121m? +121m+31, 

b=11(2m4+1), c=121m? +110m + 24. 
(3) For m>1, 

a =363m? +363m+91, 

b=11(2m +1), c=363m? +352m +85. 
(4) For m> 17, 


azm” +m+9l1, 
b=11(2m+1), c=m? -10m -96. 


Corollary 5.2.10 : When p= 13, the four sets of (independent) solutions of the Diophantine 
equation (5.2.2) are given below. 


(1) For m>6, 

a=3m* +3m4+43, b=13(2m+1), c=3m” —10m—48. 
(2) For m>1, 

a=169m7 +169m+ 43, b=13(2m+1), c=169m” +156m + 35. 
(3) For m>1, 


a=507m7 +507m4+127, b=13(2m +1), c =507m? + 494m + 120. 
(4) For m>17, 


a=m° +m+127, b=13(2m+1), c =m? —12m-133. 
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In total, eight sets of solutions of the Diophantine equation a? =b? +c? +bc are given in 
Proposition 5.2.4 — Proposition 5.2.6, which follow directly from the corresponding results for 
the Diophantine equation a” = b?+ c?—be, by virtue of Lemma 5.1.6. 


5.3 Some Remarks 


Note that, if (ao, bo, co) is a solution of the Diophantine equation a? =b? +c?—be, so also is 
k(ao, bo, co) for any integer k> 1. Thus, in finding the solutions (of any of the two Diophantine 
equations), it seems reasonable to find the primitive solution, which corresponds to the case 
when a is a prime. Then, any other solution is a constant multiple of one of these solutions. Note 
that, the Diophantine equations have solutions only for certain primes; restricting a to 0<a< 100, 
we get solutions only for a=7, 13, 19, 31, 37, 43, 61, 67, 73, 79, 97. As has been mentioned in 
Majumdar, a computer search with 0<a< 100 revealed that the Diophantine equations have 
solutions only for these primes. Also note that, for the Diophantine equation a? = b? + c?—be, 
corresponding to such primes, there are two independent solutions, given in Lemma 5.1.4. 
Restricting a to 100 <a < 200, Propositions 5.2.1 — 5.2.3 and Corollaries 5.2.1 —5.2.5 give 
solutions only for the primes a = 103, 109, 127, 139, 151, 157, 163, 181, 193, 199. These 
primitive solutions are given in Table 5.3.1 below. In the table, we also show the solutions when 
a= 169 and a= 133. 


Table 5.3.1 : The primitive solutions of the Diophantine equation a” =b? + c?—be (b>c>0) 
for 100<a<200 



































a b c a b c a b c 
103 117 77 163 187 112 169 195 91 
117 40 187 75 195 104 
109 119 95 181 209 104 176 161 
119 24 209 105 176 15 
127 133 120 193 207 175 133 152 57 
133 13 207 32 152 95 
139 160 91 199 221 165 147 35 
160 69 221 56 147 112 
151 171 56 143 120 
171 115 143 23 
157 168 143 153 88 
168 25 153 65 








Recall from Majumdar“ that, for a= 49 = 7°, there are four independent solutions of the 
Diophantine equation a?=b?°+c?—bc; two are 7(7, 8, 5) = (49, 56, 35) and 7(7,8,3)=(49, 56,21), 
and the third one is (49, 55, 39), given by part (1) of Proposition 5.2.2. And when a=91, there 
are eight independent solutions of the Diophantine equation a7=b?+c?—bce. Since 91 = 7x13, 
four solutions are 

13(7, 8, 5)=(91, 104, 65), 13(7, 8, 3) =(Q1, 104, 39), 


7(13, 15, 8) =(91, 105, 56), 7(13, 15, 7) =(91, 105, 49). 
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The fifth one is (91, 96, 85), given by part (1) of Proposition 5.2.1 (with (91, 96, 11) as the sixth 
solution), and the seventh solution is (91, 99, 80), which can be obtained from part (2) of 
Proposition 5.2.1. From Table 5.3.1, we see that, when a= 169 = 13°, there are four independent 
solutions of the Diophantine equation a?=b? + c?—be; two are 


13(13, 15, 8)=(169, 195, 104), 13(13, 15, 7) = (169, 195, 71), 


and the third one is (169, 176, 161), which may be obtained from part (1) of Corollary 5.2.1. 
And when a= 133 =7x19, there are eight independent solutions of the Diophantine equation. 


Thus, we see that, in certain cases, the Diophantine equation (5.2.1) has more than two 
independent solutions. To find these solutions, we start with the Diophantine equation (5.1.1) in 
the form 


4a? = (2b—c)? + 3c’, (5.1.1) 
and consider the Diophantine equation 

x’ =y +32’, (5.3.1) 
where 

x=2a, y=2b-c, z=c. (5.3.2) 


When b<c, we may still consider the above equation with the roles of b and c interchanged. 


For example, x=7, y=1, z=4 is a solution of (5.3.1), and corresponding to x =7, it is the only 
solution; however, when x = 14 = 2x7, there are three (independent) solutions, as shown below : 


14731374337 S117 4-35" S274 3.8": (1) 
Again, 

13?=117+3.4, 
but 

26223? +3.77 = 20°43 814-3 15%, (2) 
Finally, 

49? = 47° + 3.8°, 
but 


98? = 71° + 3.39? = 23° + 3.55°= 947 + 3.16". (3) 


The above examples show that the Diophantine equation (5.1.1) and the Diophantine equation 
(5.3.1) are not equivalent; unlike (5.3.1), (5.1.1) admits only two independent solutions. 


Given a solution (Xo, yo, Zo) of the Diophantine equation (5.3.1), we can find the 
corresponding solution of the Diophantine equation (5.2.1), using the lemma below. 


Lemma 5.3.1 : Let (Xo, Yo, Zo) be a solution of the Diophantine equation 


ay 4927, (5.3.1) 
Then, (ao, bo, co) is a solution of the Diophantine equation 
a’=b?+c?—be, (5.2.1) 


where 
fe ee OO a eat = 
055 >- 05S TV) T Zoh €o = Zo 
Proof : follows from (5.3.2), noting that yo=2bo—co>0 when bo>co. m 


In applying Lemma 5.3.1 when co > bo, we have to interchange the roles of bo and co. 


Now, given a solution (Xo, yo, Zo) of the Diophantine equation (5.3.1), we can find a 
solution of it when x = x0’. This is given in the following lemma. 
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Lemma 5.3.2 : Let (Xo, Yo, Zo) be a solution of the Diophantine equation 
x =y +3. (5.3.1) 
Then, (xo?, | yo”— 3207 l, 2yo Zo) is also a solution of (5.3.1). 
Proof : We write (y? +327)’ as follows : 
(yY? + 32’)? =(y?—327)° + 12 y? 2? =(y*—3z’)? + 3(2yz)’, 
that is, 
(x?) =(y?—3z’) + 3(2yz). 


Hence, the lemma follows. m 


If (xo, Yo, Zo) is a solution of x? = y? + 3z’, then obviously (xo°, Xo yo, Xo Zo) is also its one 
solution; Lemma 5.3.2 gives another independent solution of x?=y*+3z”. For example, starting 
with the solution, given in (1), we get, by virtue of Lemma 5.3.2, the following three solutions 
when x= 14°: 


x1 = 14, yı =142, z1=78, 

x1 = 14’, y:=46, zı=110, 

x1 = 14, yı =188, zı =32, 
the last one giving the solution 

X= 7, y1=47, 21 S8, 
Thus, corresponding to x = 14”, there are, in total, six solutions of the Diophantine equation 
(5.3.1) 


Again, from the three solutions corresponding to x = 26 (given by (2)), by Lemma 5.3.2, we get 
the following three solutions when x = 26? : 


X1= 267, yı =382, zı =322, 

xı = 26°, yı =292, zı =352, 

xı=26°, yı =674, zı =30, 
the second one giving the solution 

xı = 137, yi =73, zı =88. 


Proposition 5.3.1 : Let (ao, bo, co) be a solution of the Diophantine equation 
av=b’+c?—be. (5.2.1) 
Then, (ao, bo” —co”, Co(2bo—co)) is also a solution of (5.2.1). 
Proof : By Lemma 5.3.1, 


— Xo _ 1 a 
ao 55> bo = -5 Y, +2Z,): Gye 


Now, by Lemma 5.3.2, if (a1, bi, ci) is a solution of (5.2.1) corresponding to a =a = ao’, then 
x2 
ay =, 2b, — Cy = 








2 De oo 
yg ~ 32h c = 2Y Z 


0^0 
Therefore, if yo’— 3z? >0, then 
2b1 = 2y0 Zo + (Yo? — 3Z0°) = (Zo + Yo)” — 4207 = 4(b0?°— C0”), 
so that 
b= 2(bo? = co”); 
also, 
aı =2a0?, C1 = 2co(2bo— co). 


Now, disregarding the common factor 2, the result follows. m 
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If the solution (Xo, yo, Zo) of the Diophantine equation (5.3.1) is known, then using 
Lemma 5.3.1, we may find the corresponding solution of the Diophantine equation (5.2.1). And 
if a solution (ao, bo, co) of the Diophantine equation (5.2.1) is known, Proposition 5.3.1 may be 
exploited to find the solution of (5.3.1) corresponding to a= ao’. For example, from the first two 
solutions given in (1), we get (by Lemma 5.3.1) 


ao=7, bo =8, co=3, (4) 
ao=7, bo=8, co=5, (5) 
while the third one in (1) gives, after interchanging the roles of bo and co, 
ao=7, bo=3, co=8. 
Now, applying Proposition 5.3.1 to the solution (4), we get 
ai =7°, b1 =55, c1=39, (6) 
while (5) gives 
ai =7°, b1=39, c1=55, 
which is just the solution (6) with the roles of bı and c; interchanged. 
Thus, from the three solutions of the Diophantine equation (5.3.1), given in (1), we get only one 
(distinct) solution of the Diophantine equation (5.2.1), by applying Proposition 5.3.1. 


Again, from the first two solutions given in (2), we get 


ao = 13, bob = 15, co=7, (7) 

ao = 13, bo = 15, co =8, (8) 
which give 

a = 132, bı = 176, c:= 161, (9) 


a) = 13°, bi: =161, c1=176. 
Thus, applying Proposition 5.3.1 to the solution (2), we get only one solution of the Diophantine 
equation (5.2.1) corresponding to a= 13’. 


The lemma below considers the case when two independent solutions of the Diophantine 
equation (5.3.1) are known. 


Lemma 5.3.3 : Let (X, Y,Z) and (A, B, C) be two independent solutions of the Diophantine 
equation 
=y +372. (5.3.1) 
Then, (X A,IBY—3CZI, BZ +CY) and (X A, BY + 3CZ, |BZ—CY |) are also solutions of (5.3.1). 
Proof : Note that X? A? = (Y? + 3Z”)(B? + 3C’) can be expressed in two ways as follows : 
(Y? + 3Z7)(B* + 3C?) = (BY —3CZ) +3 (BZ+CY )?=(BY + 3CZ)’* + 3( BZ—CY)’. 
Thus, we get the desired result. m 
If two independent solutions of x?= y? + 3z? are known, Lemma 5.3.3 enables us to find two 


more. For example, from the solutions given in (1) and (2), by Lemma 5.3.2, we get the six 
independent solutions, given below : 


(14x26)? = 2367 + 3.160? = 362? + 3.227 
= 148? + 3.192? = 358" + 3.387 
= 1227+ 3.198" =214" + 3.1707. 
Thus, corresponding to x =7x13, there are only two independent solutions of (5.3.1), namely, 


(7x13)? = 592+ 3.40? =37? + 3.48”, 
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Proposition 5.3.2 : Let (ao, bo, co) and (a1, bi, C1) be two independent solutions of the 
Diophantine equation 
a?=b?+c?—be. (5.2.1) 


Then, (ao ai, bo bi — Co C1, Co(bi — c1) + bo cı) and (ao ai, bo(bı — c1) +coc1, bi Co— bo cı) are also 
solutions of (5.2.1), where in the latter case, bı co—boc1 >0; if bı co—bocı<0, interchange the 
roles of the first and the second solutions. 


Proof : By assumption, we have, in view of Lemma 5.3.1, 


ap =, bo =4(Y+D), œ =Z, 


a=4, b,=4+0), 4 =C. 
Now, by Lemma 5.3.2, 


a, = aX b, = 1 [(BY -3CZ)+(BZ+CY)], co = BZ+CY, 





a; T b; = 1 [(BY +3CZ)+(BZ—CY)], c; =BZ-CY. 





We now simplify as follows : 
a2 = 2a9 a1, c2 = (2b —c1)co + (2bo—co)cı = 2(bo c1 + bı Co— C0 C1), 


BY —3CZ= (2b; —c1)(2bo9— Co) — 3¢1 Co = 2(2b0 bı — bo. c1—b1 Co— C0 C1), 


so that 

b2 = (2bo bı — bo c1 — b1 Co— co c1) + (bo C1 + bı Co— C0 C1) = 2( bo bı —Co C1). 
Again, 

a3 = 2ao a1, C3 = (2b1 —c1)co — (2bo — co)cı = 2(b1 co—boc1), 

BY + 3CZ = (2b; —c1)(2bo— co) + 3c1 co = 2(2bo bı + 2co C1 — bo C1 — bı co), 
so that 


b3 = (2bo bı + 2co c1 — bo c1 — bı Co) + (b1 Co— bo c1) = 2(bo bi + CoC1 —bocı). 
Now, ignoring the common factor 2, we get the desired result. m 
If (ao, bo, co) and (a1, bi, c1) are two independent solutions of the Diophantine equation 
a’=b’?+c?—be, then obviously (ao a1, bo a1, Coaı) and (ao ai, aobi, aoc1) are its two independent 
solutions. Proposition 5.3.2 gives two more (independent) solutions corresponding to a= ao ai. 


For example, the two solutions (5) and (7) together gives, by virtue of Proposition 5.3.2, the two 
independent solutions 


ao= 7x13, b2.=85, C2 = 96, 
a2= 7x13, b2=99, co=19. 


If we want to apply the second part of Proposition 5.3.2, we see that, with the two solutions (4) 
and (7) (in this order), c3=— 11 <0. Thus, we rewrite them as 


ao= 13, bo= 15, co=7, 
ar=7, bi =8, c1=3, 

and then, by Proposition 5.3.2, 
a. = 7x13, b2=99, c2=80, 
a2 = 7x13, b2 = 96, co= 11. 
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It can be seen easily that the two solutions obtained from (5) and (8) are not distinct from the 
two solutions obtained above. Thus, the four independent solutions of the Diophantine equation 
(5.2.1), obtained by the application of Proposition 5.3.2, are 


a. = 7x13, bo = 96, c2=85, 
ao. = 7x13, bo = 96, c2=11, 
a. = 7x13, bo =99, c2=80, 
a2 = 7x13, b2 = 96, c2= 19. 


This explains why the Diophantine equation (5.2.1) possesses eight independent solutions 
corresponding to a=7x13. 


The primitive solutions of the Diophantine equation a?=b?+c?+be (100<a<200), obtained 
from those of a?=b*+c?—be by applying Lemma 5.1.6, are given in Table 5.3.2. 


Table 5.3.2 : The positive primitive solutions of the Diophantine equation a? =b? + c? +be 
for 100<a<200 














a b c a b c a b c 
103 40 77 163 75 112 169 91 104 
109 24 95 181 104 105 15 161 
127 13 120 193 32 175 133 57 95 
139 69 91 199 56 165 35 112 
151 56 115 23 120 
157 25 143 65 88 








We conclude the chapter with the following questions. 


Question 5.3.1 : Restricting a to the primes on the range 100 <a<200, are the solutions (of 
the Diophantine equation a? =b? + c?—bc) given in Table 5.3.1 exhaustive? 


We conjecture that the solutions in Table 5.3.1 list all when a is a prime with 100<a<200. 
Thus, restricting a to the primes on 1 <a< 100, there are 11 solutions of the Diophantine 
equation a? =b? + c?—bc, and the number is 10 when 100<a<200. 


We have already seen that, for certain primes p, the Diophantine equation (5.2.1) possesses 
two (distinct) independent solutions when a=p, given by (p, bo, co) and (p, bo, bo—co) (assuming 
that bo >co). Proposition 5.3.1 shows that, corresponding to a=p’, there are four independent 
solutions of (5.2.1). Thus, for example, when p =7, there are two independent solutions, and for 
p=7’, there are four independent solutions, namely, (77, 55, 39), (77, 55, 16), (7°, 56, 35) and 
(72, 56, 21). So, the question arises : 


uestion 5.3.2 : Let the Diophantine equation a? = b? + c*—be ossess a solution when a=p. 
How many solutions are there when a= pe a= p’? 


Corresponding to a= 7°, there are six independent solutions of the Diophantine equation 
(5.2.1), namely, (7°, 360, 323), (7°, 360, 37), (7°, 385, 273), (7°, 385, 112), (7°, 392, 245) and 
(7°, 392, 147), and corresponding to a=7*, there are eight independent solutions. These are 
(74, 2769, 1504), (74, 2769, 1265), (74, 2695, 1911), (74, 2695, 784), (74, 2744, 1715), 
(7*, 2744, 1715), (74, 2520, 2261), and (74, 2520, 259). 
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Question 5.3.3 : How many solutions are there of the Diophantine equation a? =b? + c?—be 
when a=pxqxr (where p, q and r are distinct primes, and (5.2.1) has solutions in all the three 
cases corresponding to each of a=p, a=q and a=r)? 


We find that, corresponding to a=7x13x19, there are as many as 26 independent solutions 
of the Diophantine equation a? = b? + c?—bc. These are as follows (in increasing values of b) : 


(7x13x19, 1775, 1679), (7x13x19, 1775, 96), (7x13x19, 1824, 1615), 
(7x 13x19, 1824, 209), (7x13x19, 1840, 1591), (7x13x19, 1840, 249), 
(7x 13x19, 1859, 1560), (7x13x19, 1859, 299), (7x13x19, 1881, 1520), 
(7x 13x19, 1881, 361), (7x13x19, 1911, 1456), (7x13x19, 1911, 455), 
(7x 13x19, 1925, 1421), (7x13x19, 1925, 504), (7x13x19, 1960, 1309), 
(7x 13x19, 1960, 651), (7x13x19, 1961, 1305), (7x13x19, 1961, 656), 
(7x 13x19, 1976, 1235), (7x13x19, 1976, 741), (7x13x19, 1984, 1185), 
(7x13x19, 1984, 799), (7x13x19, 1989, 1144), (7x13x19, 1989, 845), 
(7x13x19, 1995, 1064) and (7x13x19, 1995, 931). 


These values have been calculated by repeated application of Proposition 5.3.2, considering, in 
succession, a9= 7x13, a1=19; ag=7x19, a; = 13; and ap = 13x19, a1=7. For example, to apply 
Proposition 5.3.2 when ag= 7x13, bo = 96; co=11 and a;=19; bj =21, c1=5, we rewrite them as 
follows (to avoid negative signs) : 

ao = 19; bo =21, co=5, 

a, = 7x13, bb =96; c= 11. 


Now, applying Proposition 5.3.1, we get two additional solutions of the the Diophantine 
equation a? = b? + c’—be, namely, (7x13x19, 1961, 656) and (7x13x19, 1840, 249). 


The values shown bold are particular cases, not shared by the other two cases. 


Question 5.3.4 : What is the general solution of the Diophantine equation a? = b? + c?—be? 


The above problem is a challenging one, particularly since it admits different number of 
solutions depending on the value of a. 


uestion 5.3.5 : What is the general solution of the Diophantine equation x? = y? + 3z?? 
g p q y 


We have considered the Diophantine equation x? = y? + 3z? in connection with the 
Diophantine equation (5.1.1), but the Diophantine equation x? =y? + 3z? deserves closer study 
by its own right. The examples in the equations (1), (2) and (3) show that, if (xo, yo, Zo) is a 
solution of the Diophantine equation x? = y? + 3z’, then it possesses three (independent) 
solutions corresponding to x = 2xo. In fact, we can prove the following result. 


Lemma 5.3.4 : Let (Xo, Yo, Zo) be a solution of the Diophantine equation 
x’ =y +327. (5.3.1) 
Then, 
(1) corresponding to x = 2xo, there are three independent solutions of (5.3.1), namely, 
4x” = (2yo)? + 3(220)” = (yo + 320)? + 3(yo— Zo)” = (Yo— 320)” + 3(Yo + Zo)”, 


(2) corresponding to x =4xo, the solution of (5.3.1) is two times one of the three solutions of 
part (1) above. 


75 Chapter 5 : Smarandache Number Related Triangles 


Proof : By assumption, 
Xo" = yo + 320°. 
Now, since 
4x0 = (2yo)? + 3(2z0)? = (yo + 3Z0)* + 3(Yo—Z0)? = (Yo— 3Z0)* + 3(Yo + Zo)’, 


part (1) of the lemma follows. 
To prove part (2), let 

Ax =Y? +32, 
where, by part (1), Y and Z satisfy one of the following three conditions : 
(i) Y=2y, Z=2z, 
(ii) Y=y+3z,Z= | y-Z 
(iii) Y= | y—3z 





’ 





,L=ytz. 


Now, let 
16x?= A? + 3B’. 


If A=2Y, B=2Z, there is nothing to prove. So, we need to consider the following two cases : 


Case 1. When A=Y +3Z, B= | Y—Z|. 
If Y=2y, Z=2z, then 


A=2Ay+3z), B=2|y—zl. 
On the other hand, if Y=y+3z,Z=ly-z 





, there are two possibilities : If y > z, then 
A=(y+3z)+3(y-2)=4y, B= | (y+3z)-(y—z)| =4z, 

and if y <z, then 
A= | (y+3z)+3(z-y)=2ly—3z 





, B= |(y+3z)-@-y)| =2y +2). 





Again, if Y= | y—3z 
A=(y-3z)+3(y + z)=4y, B= |(y-3z) -(y + z) | =4z, 

if y>3z, and if y <3z, then 
A=(3z—y)+3(y + 2)=2(y + 3z), B= | (3z-y) -(y +z) | =2| y—zl. 


,Z=y +z, then 





Case 2. When A= | Y-3Z 
If Y=2y, Z=2z, then 

A=2|y-3z 
If Y=y+3z,Z=|y-z 

A= |(y+3z)-3(y-2)| =2ly—3z 
if y>z, and if y <z, then 

A= |(y+3z)-3(z- y) =4y, B=(y + 3z) +(z-y) =4z 
Finally, if Y = | y—3z 

A= |(y—3z)-3(y + z) | =2(y +3z), B=(y-3z) +(y +2) =2(y +2), 
if y>3z, and if y <3z, then 

A= |(z-y)—3(y +2) | =4y, B= | (3z-y) + + z) | =4z. 


All these complete the proof of the lemma. m 


,B=Y +Z. 





,B=2(y + 2). 


, then 








,B=(yt+3z) +(y - 2)=2(y +2), 





,Z=y +z, then 
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By Lemma 5.3.4, from (1), we have 
28° = 267 + 3.6°= 227+ 3.10°= 4 +3.16. 


In Chapter 3 in Majumdar™, it has been shown that, the study of the 60-degree and 
120-degree triangles involves the two Diophantine equations a?=b?+c?+bc. Of particular 
interest is the Diophantine equation a? =b? + c?—be (which arises for the 60-degree triangles). It 
is indeed interesting to find that the solution of the Diophantine equations a?= b? + c?+be can 
be obtained from the solutions of the Diophantine equation a*=b* + c?—be. It has been found 
that the solutions of the Diophantine equation a? =b? + c’—bc have interesting features, some of 
which are given in Proposition 5.3.1 and Proposition 5.3.2. It is also interesting to find that, in 
general, we get the solutions of the Diophantine equation a” = b? + c?—bc in pairs corresponding 
to particular value of a. This chapter gives partial solutions of the Diophantine equation 

a=b? + c*—be, 


where the sides a, b, c of the triangle T(a, b, c) are all unequal. Note that, any equilateral triangle 
is necessarily a 60-degree triangle. Then, considering the three dissimilar triangles 


T(7p, 3p, 8p), T(7p, 5p, 8p) and T(p, p, p), 


where p= 11 is a prime, we have a triplet of triangles, any two of which are S-related. And if we 
wish, we may enlarge the list; for example, the dissimilar triangles 


T(49p, 55p, 16p), T(49p, 55p, 39p), T(49p, 56p, 21p), T(49p, 56p, 35p), 


are pair-wise S-related for any prime p 217. 


When p is a prime of the form p=30n—1, n=1, the two dissimilar triangles T(7p, 3p, 8p) 
and T(7p, 5p, 8p) are Z-related. Is it possible to find three (or, more) dissimilar 60-degree and 
120-degree triangles which are pair-wise Z-related? 


Another problem of interest is the the study of similar S-related or Z-related triangles which 
are 60-degree or 120-degree or Pythagorean. Trivially, for any prime p = 17, the 60-degree 
similar triangles 

T(p, p, p), T(2p, 2p, 2p), .... TUOp, 10p, 10p), 
are S-related. Again, the 120-degree triangles {T(7), T(3), T(S)} and {T(14), T(6), T(10)} are 
similar and S-related. An example of a pair of 60-degree similar triangles which are Z-related is 
{T(1), T(11), T(15)} and {T(155), T(65), T(105) }, since 

Z(31)=30=Z(155), Z(11) = 10=Z(65), Z(35) = 14 = Z(105). 


It remains open to study in more detail the problems on similar S-related/Z-related triangles. 
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Chapter 6 Miscellaneous Topics 


In this chapter, we consider some topics related to Smarandache notions. The topics covered are 
(1) the triangular numbers and the Smarandache T-sequence, (2) the Smarandache friendly 
numbers, (3) the Smarandache reciprocal partition sets, (4) the Smarandache LCM ratio of two 
types and (5) the Sandor-Smarandache function. They are treated in Section 6.1, Section 6.2, 
Section 6.3, Section 6.4 and Section 6.5 respectively. 


6.1 Triangular Numbers and Smarandache T-Sequence 


The n-th triangular number, denoted by Tp, is defined as follows : 


Th= a nèl. 


The first few triangular numbers are 
1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 78, 91, 105, 120, 136, 153, 171, 190, 210, ..., 
and may be obtained recursively from the recurrence relation 


Tno+1 = Th + (n + 1),n21;Ti = 1. 


Many interesting properties of the triangular numbers are well-known, some of which are given 
in Beiler“ and Pickover™. 


We start with the following results (see, for example, Hardy and Wright), related to a 
particular type of Pell’s equation. 


Lemma 6.1.1 : The solutions of the Diophantine (Pell’s) equation x? — 2y? = 1 are given by 
x, +2 y, =(1+v2 J" n 21, 


or, recursively by 


Xn+1 = 3Xn + 4Yn, Yn+1 = 2Xn + 3Yn, n> 1; 
Xi = 3, yi= 2s 


Corollary 6.1.1 : For n= 1, Xn is odd and yn is even. 


Proof : is by induction on n, and is left to the reader. m 


We now State and prove the following result. 


Theorem 6.1.1 : An infinite number of terms of {Ee fee q are perfect squares. 


Proof : Let 


not) =m for some integers n > 1,m> 1. (1) 
Substituting 
n=X-4, (2) 
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(1) takes the form 
4X? — 8m? = 1. 
Now, letting x = 2X, y = 2m, we get the Diophantine equation x” — 2y” = 1, which possesses an 


infinite number of solutions, given by Lemma 6.1.1. Also, since 


ee ae =e 
n= (x 1), m=-~, 


by Corollary 6.1.1, both n and m are (positive) integers. Thus, the theorem is established. m 


Theorem 6.1.1 proves that there is an infinite number of perfect squares in the sequence of 
triangular numbers. It is interesting to observe that, the first perfect square in the sequence of 
triangular numbers is T1, the next one is Ts, the third one is T49, but the fourth one is T2gs. 


Next, we prove the result below. 


Theorem 6.1.2 : Any triangular number Tn, n 2 2, can be expressed as the difference of two 
other triangular numbers. 


Proof : We prove the result by actually constructing three such triangular numbers. So, let 
Tn=Te—Tm for some (positive) integers n, £ and m with £ >m. 


Then, n, {and m must satisfy the following relationship : 


n(n+1)=(l—m)(l(+m+1) (3) 
In (3), let 

€—m=k, (4) 
so that (3) reads as 

n(n+l)=kk+2m +1). (5) 


Letting k= 1, we have 
n(n+1)=2(m+1) (and €=m+1). (6) 


Now, for any n= 2 fixed, (6) has a (unique) solution in m. This proves the theorem. m 


From the proof of Theorem 6.1.2 above, we see that, for any n> 2, 
T, = T, — T, Pa 


This shows that the triangular number Tn can, in fact, be expressed as the difference of two 
consecutive triangular numbers. Thus, in particular, 


T2= T3 — T2, T3= T6 — Ts, Ta = Tio — To, Ts = Tis — Tu, ... . 


A consequence of Theorem 6.1.2 is the following 


Corollary 6.1.2 : There is an infinite number of triangular numbers, each of which can be 
expressed as the sum of two triangular numbers. 
In (5), choosing k = 2, we get 
n(n+1)=2(2m+3); n23, m2 1 (with £=m +2). (7) 


It can easily be shown that (7) permits solutions for m if and only if n is either of the forms 
n=4r+1 and n= 2(2r + 1), and the solutions are as follows : 
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ifn = 4r +1, then m=4r’ + 3r—1 (C=m+2), 
if n = 2(2r + 1), then m=r(4r + 5) (C=m+ 2). 


This shows that, in some cases, Tn can be expressed as the difference of two triangular numbers 
in more than one way. Thus, for example, 


Ts= Ts — To, To=T1i1 — To, To = Tz — T21, Tio = Tas — T2, ... . 
We may continue this process, choosing k =3, 4, ... in succession, and we would have more 


cases of expressing some triangular numbers as the difference of other triangular numbers in 
more than two ways. For example, k = 3 in (5) leads to the equation 


nn+l)=6(m+2); n24, m>1 (with C=m+3). (8) 


It can easily be shown that (8) has solutions for m if and only if n is of the form n=3r-—1 or 
n = 3r, with the solutions 


m= @ŒD_2 (¢=m+3), ifn=3r-l, 

m= @Œ+D_2 (¢=m+3), ifn=3r. 
Thus, for example, 

Ts= T6 — Ts, To=Ts — Ts, Ts = Ti3 — Tio, To = Tis — Tis, Tu = T23 — Too, ... « 
Again, choosing k = 4, (5) reads as 

n(n+1)=42m+5); n26, m21 (with C=m+4). 
which has a solution if and only if n is of the form n=4(2r +1) with m=r(8r +9). 

The above analysis shows that, in some cases, a triangular number can be expressed as the 
difference of two other triangular numbers in more than one way. For example, each of Ts, Ts 
and To can be expressed as the difference of two other triangular numbers in three ways. 

Shyam Sunder Gupta introduced the Smarandache T-sequence as follows : 


Definition 6.1.1 : The Smarandache T-Sequence, denoted by {ST(n) cas is defined by 
ST(n) =T; T,...T, , n21, 
which is obtained by successively concatenating the triangular numbers T1, T2, ..., Tn. 
The first few terms of the Smarandache T-Sequence are 
1, 13, 136, 13610, 1361015, 136101521, 13610152128, 1361015212836, .... 
Note that, ST(n + 1) can be expressed in terms of ST(n) as follows : 
ST(n+1)=T, T, TT, a =10° T T, ... Ty + Thy, =10° ST(n) + Ty 41, 


where s (> 1) is the number of digits in Tn+1. 
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In the Smarandache T-sequence, the second and the sixth terms are primes. In fact, as has 
been reported by Shyam Sunder Gupta), these are the only primes in the first 1000 terms of the 
Smarandache T-Sequence. Furthermore, as has been observed by Shyam Sunder Gupta”, 
(except for the first term) the third term of the Smarandache T-Sequence is the only triangular 
number in the first 1000 terms of the Smarandache T-Sequence. 


Note that, for n > 3, Ta are composite numbers; in fact 


n divides T,, if n is odd 
(n + 1) divides T,, ifn is even 


Now, since 


Tai = a —1) Pies 2o +1) Si: 


it follows that, both T3n-ı and Tsn are divisible by 3, so that each of 


1 + Tns + T3ns4 = Tan + T3n+3 + 6(n + 1), 
and 


T3n+1 + T3n+4 + T3n+7 = Tan + T3n+3 + T3n+6 + 3(2n + 3), 


is divisible by 3. This, in turn, shows that 1 + T3n41 + T3n+4 + T3n+7 + T3n+10 + T3n+13 is divisible 
by 3. Again, since 


Ton+s + Tonto + Ton+10 + Ton+11 + Ton+12 + Ton+13 + Tonsi4 + Tontis + Ton+16 
= Ton+9 — (9n + 9) + Tonto + Ton+9 + (On + 10) 
+ Ton+11 —(9n + 12) + Tonsi2 + Ton+12 + (On + 13) 
+ Tonsis — (9n + 15) + Tonsis + Ton+15 + (On + 16) 
=3(Ton+9 + Ton+12 + Ton+15 + 1), 
We see that 3 divides Ton+s + Ton+9 + Ton+i0 + Ton+11 + Ton+12 + Ton+13 + Ton+14 + Tonsis + Ton+16. 


We now State and prove the following result. 


Lemma 6.1.2 : For n > 0, 3 divides ST(9n + 7). 


Proof : It can easily be checked that 3 divides ST(7) = 13610152128. This proves the result 
for n = 0. To proceed by induction on n, we assume that the result is true for some n > 0. 


Now, 





ST(9n +16) =10° T T, Ta Ton+7 +10°Ton4s + 10° Tasco + 10° Ton+10 


+ 10° Tonsit + 10° Ton+12 + 10° Tones + 102 Tons14 + 10° Tonsis + Ton+16, 


(for some non-negative integers s, a, b, c, d, e, f, g and h) so that, by virtue of the induction 
hypothesis, 3 divides ST (9n + 16). Thus, the result is true for n + 1, completing induction. m 


Since, for n > 1, 
ST(4n — 1) = 10° ST (4n — 2) + T4n-1 for some integer s > 1, 
ST(4n) = 10'ST(4n — 1) + Tan for some integer t > 1, 
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it follows that both ST(4n — 1) and ST(4n) are even. It is thus sufficient to look for the primes 
among the terms of the forms ST(4n + 1) and ST(4n + 2). Similarly, since 5 divides each of 
ST(5n — 1) and ST(5n), it is sufficient to check the terms of the forms ST(5n + 1), ST(Sn + 2) 
and ST(5n + 3) for possible primes. 


Shyam Sunder Gupta” also introduced the Smarandache reverse T-Sequence, denoted by 
{ SRT (n) ene and is defined as follows : 


SRT(n) =T; Th T], n21. 


Note that, all the terms of the Smarandache reverse T-Sequence are odd. Shyam Sunder Gupta® 
reports that, among the first 1000 terms of the Smarandache reverse T-Sequence, there are only 
six prime numbers, namely, SRT(2), SRT(3), SRT(4), SRT(10), SRT(12) and SRT(14); but 
there is no triangular number (except the first term). 


For the Smarandache reverse T-Sequence, the following result holds true. 


Lemma 6.1.3 : For n > 0, 3 divides SRT(9n + 7). 


Proof : follows immediately from Lemma 6.1.2. m 


In passing, we mention the following problems : 


Open Problem6.1.1 : Given any integer k>2, are there triangular numbers Tm and Tn such 
that Ta =k Tm? 





In the equation Ta = kT, using the transformation n=X-— 3 m=Y—-4,we get the 
Diophantine equation A? — kB?=—(k—1), where A=2X, B=2Y. 


Open Problem 6.1.2 : What is the general solution of the Diophantine equation (5)? 


In (5), fixing k = ko (> 2), we see that it has a solution if and only if 1+ 4ko(ko+ 2m+ 1) is a 
perfect square. 


Open Problem 6.1.3 : Is it possible to find the pattern of the triangular numbers which can 
be expressed as the difference of two other triangular numbers in more than one way? 


Open Problem 6.1.4 : How many terms of the Smarandache T-Sequence are primes? And 
how many terms are triangular numbers? 


Open Problem 6.1.5 : How many terms of the Smarandache reverse T-Sequence are 
primes? And how many of them are triangular numbers? 


Another problem of interest is the palindromic triangular number, that is, the triangular 
number that reads the same backward and forward. Pickover® mentions that 


T1111 =617716, 
T111111=6172882716, 


are palindromic numbers. Here, in each case, the index is also palindromic. We find that 


T11111111 =617283993827 16 


is also palindromic, and is the maximum in this series, the minimum being T1;=66. 
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6.2 Smarandache Friendly Numbers 


Murthy defined the Smarandache friendly numbers as follows. 
Definition 6.2.1 : A pair of positive integers (m, n) (with n >m) is called the Smarandache 
friendly numbers if and only if 
m+(m+1)+...+n=mn. 
For example, (3, 6) is a Smarandache friendly pair, since 
34+44+54+6=18=3x6. 


Khainar, Vyawahare and Salunke® considered the problem of finding Smarandache friendly 
pairs and Smarandache friendly primes, using computer search. 


In this section, we show that the problem of finding the Smarandache friendly pairs can be 
reduced to the problem of solving a particular type of Pell’s equation. 


The following result, related to the Diophantine equation x?— 2y”= —1, is well-known (see, 
for example, Hardy and Wright). The equation is a particular type of Pell’s equation. 


Lemma 6.2.1 : The general solution of the Diophantine (Pell*s) equation x? —2y? = —1 is 


x+¥2 y=(14+ y2)""7; v>0. (6.2.1) 
The lemma below gives a recurrence relation to find the solution of x?—2y”=—1 recursively, 


starting with the fundamental solution x; =7, yi=5. 


Lemma 6.2.2 : Denoting by (x,,y,) the v-th solution of the Diophantine equation 
x°— 2y’=-1, (x,y) satisfies the following recurrence relation : 
Xy =3Ky +4yy, Yyy = 2K, +3yy; v21. (6.2.2) 


Proof : Since 
Kya +Z yy = +42)" 
=(x, +42 yy (1+ V2)” 
=(x, + V2 yy X3 + 242) 


=(3x, +4 yy) + V2(2x, +3 yy), 
the result follows. m 


We now consider the problem of finding the pair of integers (m, n), with n>m >Q, such that 


m+(m+1)+...+n=mn. (6.2.3) 
Writing 

n=m +k for some integer k>0, (6.2.4) 
(6.2.3) takes the form 

m+(m+1)+...+(m+k)=m(m+k) 
that is, m(k +1) +9 = mam +k) 


which, after some algebraic manipulations, gives 
k(k+ 1)=2m(m- 1). (6.2.5) 
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In (6.2.5), we substitute 


k=K-4+,m=M+3 (6.2.6) 
to get 

K?- + =2M?- +) 
that is, 4K? —8M?=-1 
that is, x =2y7==1, (6.2.7) 
where 


x=2K, y=2M. (6.2.8) 
Note that, in (6.2.8), though K and M are not integers, each of x and y is a positive integer. 


Lemma 6.2.3 : The sequence of Smarandache friendly pair of numbers, {m,n ee „is 


given by 
my =My +4 =4 (yy +), 
ky =K,-4=F@,-D, (6.2.9) 
ny =m, +ky=+(x,+yy), 

where 


x, +2 y, =(14V2)"*4 v 20. (6.2.10) 
Proof : Since x and y satisfy (6.2.7), (6.2.10) follows from Lemma 6.2.2. m 


Lemma 6.2.4 : The sequence of Smarandache friendly pair of numbers {(my ny er 
satisfies the following recurrence relation : 
M, =m, +2n,, ny, =2m, +5n, -1; v2. 
with 
mı=3, n=6. 
Proof : By Lemma 6.2.2, 
Xv 7 3x, +4y,, Yuu = 2x, +3yyj v21. 


Now, 





m, = 3 Yyy +1) = j (2x, +3yy +1) =xXy+yy4 A H1) = 2n, +m, 








n, = 5 Xy + Yap = 5 [xy + 4y,) + (2x, +3y,)] 
= L (5x, +Tyy) 


= xy ty) + yy 


=5n,+(2m, —1), 
and we get the desired results. m 


Lemma 6.2.4 shows that, if the pair (of numbers) (x,,y,) is Smarandache friendly, so 
also is the pair (m, +2n,,2m,+5n, —1), which is, in fact, the next pair. Thus, starting with 


the first Smarandache friendly pair (3, 6), Lemma 6.2.4 may be employed to find the others 
recursively. Lemma 6.2.4 shows that there are infinite number of Smarandache friendly pairs. 
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The following table gives the first nine Smarandache pairs, which are obtained from the 
recurrence relation given in Lemma 6.2.4. 


Table 6.2.1 : The first nine Smarandache friendly pairs 





v 1 2 3 4 5 6 7 8 9 





m, | 3 15 85 493 2871 16731 | 97513 | 568345 | 3312555 





ny 6 35 | 204 1189 6930 | 40391 | 235416 | 1372105 | 799724 






































From Table 6.2.1 above, we observe that the Smarandache friendly pairs grow quite rapidly. 
When v= 10, 


mio= 19306983, nio=46611179. 


Similar to the Smarandache friendly pair of numbers, we have the Smarandache friendly 
pair of primes, defined as follows (see Murthy’) : 


Definition 6.2.2 : Let p and q be two primes with q >p 23. Then, the pair (p,q) is called a 
Smarandache pair of friendly primes if the sum of all the primes from p through q (including p 
and q) is equal to the product pq. 


For example, (2, 5) is a pair of Smarandache pair of friendly primes, since 
24+34+5=10=2x5. 
The next pair of Smarandache friendly primes is (3, 13), since 
34+54+74+11413=39= 3x13, 
followed by the pairs (5, 31) and (7, 53). This observation leads to the following open question. 


Question 6.2.1 : Given any prime p (2 3), is it possible to find a prime q (>p) such that 
(p, q) is a Smarandache pair of friendly primes? 


Let pi, p2, .., Pn, ... be any sequence of consecutive primes with pı =3 such that 
pı +p2+p3+ ... +Ppn=Pp1 Pn for some primes pı and pn. (1) 
Since the primes pi, p2, ..., Pn, ... are all odd, it follows that the right-hand side product in the 
relationship (1) above is odd, and hence, n must be odd. Now, let 
pot pst... + Pt Posi + ... +Pnir=P2 Pnir for some prime Pnat. (2) 
Then, r must be odd; moreover, r>3. To prove that r= 3, first note that, by virtue of (1), 


p2+ p3t ... + Pnt Pn+1 = P1 Pn— Pi + Pn+1 < P1 Pn + Post. 
Now, 


P2 Post = (P1 + 2)Pn+1 = Pi Pn+1 + 2Pnst. 
Therefore, 

P2 Poet = Pt Pori + 2Pn+1 > P1 Pn + Pn+1 > P2+P3t ... + Pnt Pri, 
which shows that r#1. Again, if p22 pı +4, then 

P2 Pror 2 (P1 t4)pn+i > p2tp3t ... + Pot Pnsit Pn+2+ Pns3, 
which shows that r > 5. 
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6.3 Smarandache Reciprocal Partition Sets of Unity 


The idea of the sets of Smarandache reciprocal partition of unity was introduced by Murthy”, 
and was studied in a systematic manner by Murthy and Ashbacher®. This section treats some 
properties related to the sets of the Smarandache reciprocal partition of unity. 


We start with the following definition. 


Definition 6.3.1 : The Smarandache repeatable reciprocal partition of unity in n partitions, 
denoted by SRRPS(n), is defined as follows : 


SRRPS(n) = {(a, ao, ..., an) : Al, a2, ..., An are integers 





. 1 1 1 
: + Eaa =] j. 
ai a, a } 


The order (the number of elements) of the set SRRPS(n) is denoted by frp(n). 
Note that, in the above definition, without any loss of generality, we may assume that the n 
integers a1, a2, ..., An are arranged in increasing (non-decreasing) order, that is 
O<aiSaoS... <an. 
With this convention, we get 
SRRPS(1) = {1}, the singleton set, 
SRRPS(2) = { (2, 2) }, the singleton set, 
SRRPS(3) = { (2, 3, 6), (2, 4, 4), (3, 3, 3) }, 
with 


fre(1)= 1, fre(2) = 1, fre(3) = 3. 


In Definition 6.3.1, the n integers aj, a2, ..., an are not necessarily distinct; if they are distinct, 
then we have the following definition. 


Definition 6.3.2 : The Smarandache distinct reciprocal partition of unity in n partitions, 
denoted by SDRPS(n), is defined as follows : 


SDRPS(n) = { (a, a2, ...5 an) :0<a<a2< ...< an; Lyh 
2 


+ +451 }. 
1 n 


The order of the set SDRPS(n) is denoted by fpp(n). 


Note that, SDRPS(2) = Ø (the empty set). Thus, in studying the sets SDRPS(n), it is 
sufficient to confine the attention to the case when n> 3. 


Lemma 6.3.1 : In the set SDRPS(n), n>3, 2<a;<n-— 1. 
Proof : Let, on the contrary aı >n, so that by the condition of Definition 6.3.2, 


ai>n for all i1=2, 3, ..., n. 
But then 

1 1 1 

a as os Va ead 


contradicting the condition of the definition. m 


As a consequence of the above lemma, we can prove the following 


Corollary 6.3.1 : In the set SRRPS(n), n= 3, if ai =n, then aj=n for all 1 <i<n. 
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Proof : By assumption, 
aiz a; =n for all i=2, 3, ..., n. 
Now, if aj>n for some j, 2<j <n, then 


1 
a ta Pasto <l, 


1 2 n 


and we reach to a contradiction. 


This contradiction establishes the desired result. m 





Lemma 6.3.2 : For n= 3, there always exist integers a1, a2, ..., an, Satisfying the condition 
2=a1<ar<... <an 
such that 
1,1 1 
t...ts-=1 
ai ez aa 


Proof : is by induction on n. 
When n =3, we choose 


a=3, a3=6, 
so that 
Mig Ae das 


a a a 
1 2 


Ww 


Thus, the result is true for n=3. To proceed by induction on n, we assume that the result is true 





for some integer n, that is, we assume that there are n integers 2 =a), a2, ..., an with 
ai<ar<...< an 
such that 
1 1 1 
+ +... +l 
Re ai 
We now define the integers bj, b2, ..., bn, Dn+1 as follows : 
bi=a1, 
b2=a2, 
byt =an-1, 
ba=ant 1, 


Dn+1 = an(ant 1). 
The numbers so defined satisfy the following two conditions : 


bi <bo<...<ba< bas, 





Thus, the result also holds for n+ 1, completing induction. m 
To find SDRPS(3), we first note that, by Lemma 6.3.1, we must have a; =2. 
We first prove the following result. 
Lemma 6.3.3 : The only (positive) integer solutions of the Diophantine equation 


1,1_1 
at Era (6.3.1) 
are (1) a=b=4, (2) a=3, b=6. 
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Proof : From (6.3.1), we get 
2(a+b)=ab. 
Then, a must divide b, so that 
b=ka for some integer k > 1. 
Therefore, we get 
2(1 +k) =ka. 
Since k does not divide 1 +k, it follows that a must divide 1 + k. 


Now, when k= 1, then a=2(1 +k) =4 (so that b=4), and when k=2, a=k+1=3 (and b=6). 
Then, we get the desired result. m 


From Lemma 6.3.3, we see that, under the restriction that b>a, the equation (6.3.1) has the 
unique solution a=3, b=6. 


Lemma 6.3.4 : SDRPS(3) is the singleton set SDRPS(3) = {(2, 3, 6) }. 
Proof : follows by virtue of Lemma 6.3.3. m 


Next, we find SDRPS(4). To do so, we need the following intermediate results. 


Lemma 6.3.5 : The only (positive) solutions of the Diophantine equation 
1,1-1 (6.3.2) 
are (1) a= 7, b=42, (2) a=8,b=24, (3) a=9, b=18, (4) a=12=b. 
Proof : We rewrite (6.3.2) as 
6(a+b)=ab. 
Now, a must divide b, say 


b=ka for some integer k > 1. 


Then 
6(1+k)=ka, 


so that a must divide 1 + k (since k does not divide 1 +k). 


Now, when k= 1, then a=6(1 +k)=12 (so that b=12), and when k=2, a=3(k+1)=9 (and 
b=18), when k=3, then a=2(1 +k) =8 (and b=24), and when k=6, a=1+k=7 (so that b=42). 
Hence, we get the desired result. m 


Lemma 6.3.6 : The only (positive) solutions of the Diophantine equation 
Fetai (6.3.3) 


are (1) a= 5, b=20, (2) a=6,b= 12, (3) a=8=b. 
Proof : We recast (6.3.2) in the form below : 
6(a+b)=ab. 
Now, a must divide b, so that 


b =ka for some integer k21. 
Then 
4(1+k)=ka, 
and hence, a must divide 1 + k (since k does not divide 1 +k). 
Now, when k= 1, then a=4(1 +k) =8 (so that b=8), and when k=2, a=2(k+1)=6 (and b=12), 
and when k=4, then a=1+k=5 (and b=20). Hence, we get the desired result. m 
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Corollary 6.3.2 : Consider the Diophantine equation 


lan Tua aan, 
à A T 1;0<a<az<a3<a<l. (6.3.4) 





(1) Under the condition that a; = 2, a2 =3, the equation (6.3.4) has three solutions, namely, 
(i)a3=7, a4=42, (ii) a3 =8, a4=24, and (iii) a3 =9, a4= 18, 
(2) With a =2, a2=4, (6.3.4) has two solutions, namely, (i) a3= 5, a4= 20, and (ii) a3=6, a4= 12. 


Proof : Part (1) follows from Lemma 6.3.5, while part (2) is an immediate consequence of 
Lemma 6.3.6. m 


Lemma 6.3.7 : Consider the following Diophantine equation : 


l+l+l=4. (5.3.5) 


Under the condition that c >b >a 5, (5.3.5) has no solution. 
Proof : First, let a= 5. Then, 





Vf dg 32 

6° 3 10" 
but 

1213: 

608 10° 


This shows that a#5. 
Next, let a> 6. Then, for c>b>a=6, 
l,l lel i 1-3 
a T b T Cc < 6 T 7 T 8 < 10 . 
Thus, a cannot be greater than 6. 
All these complete the proof of the lemma. m 





Lemma 6.3.8 : Consider the Diophantine equation 


Tota Te 2 
at phe 3° (6.3.6) 
Under the condition that c>b>a>4, (6.3.6) has no solution. 

Proof : follows from the fact that, forc>b>a>4, 


Tata hed Da te 2 
atptesqtste<3: m 





Lemma 6.3.9 : SDRPS(4) has exactly six elements, namely, 
SDRPS(4) = { (2, 3, 7, 42), (2, 3, 8, 24), (2, 3, 9, 18), (2, 3, 10, 15), 
(2, 4, 5, 20), (2, 4, 6, 12)}. 
Proof : To find SDRPS(4), first note that, by Lemma 6.3.1, a; is either 2 or 3. By virtue of 


Lemma 6.3.7, a1 #3. Hence, a; must be 2. Again, by Lemma 6.3.7, a2 cannot be greater than 5. 
The result now follows by Corollary 6.3.2. m 


Now, given the set SDRPS(n) (with fpp(n) elements), we consider the problem of extending 
it to get some of the elements of the set SDRPS(n + 1). Here, the question is 


Question 6.3.1 : In how many ways the elements of SDRPS(n) can be extended to get the 
elements of SDRPS(n+ 1)? And what is the number of elements of SDRPS(n)? 


Murthy and Ashbacher® suggest different methods of extending the elements of SDRPS(n) 
to get the elements of SDRPS(n+ 1). One such method is stated in the lemma below. 


Lemma 6.3.10 : Let (ai, a2, ..., An) €SDRPS(n). Then, (2, 2a1, 2a2, ..., 2an)E SDRPS(n + 1). 
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Proof : By assumption, n— 1 <aı<az2< ... <an with 





l 1 

t ae a. 
a a, Oe 

Then, 
eas Soe ee ee es ee Fea 1 (1 oe ae 1) =1 
G) T Ja T Ja T eee T Ja 2 T 2 a T a, Foes. T aa : 


Hence, the lemma. m 


Lemma 6.3.11 : If (ai, a2, ..., an) E SDRPS(n), then (2, 3, 6a1, 6a2, ..., 6an) E SDRPS(n +2). 
Proof : By assumption, 
2<aı<a2< ... <an, 





with 
1 1 1 
a+to-t+..4¢5-=1. 
a," a, a 
Therefore, 
Tepe dete Tn Dnt » 1 =-5,1(141,4 + t)ya541=1 
pl T 3 T 6a, T 6a, T eee T 6a. 6 T 6 a, T a, T eee T a 6 T 6 . 


Thus, the lemma is established. m 
Since (2, 3, 6)€SDRPS(3), it follows, by Lemma 6.3.11, that (2, 3, 12, 18, 36) SDRPS(5). 


Now, let (ai, a2, ..., ai, ..., an) ESDRPS(n). Then, replacing aj (1 <i <n) by bi: and bj, where 





bi =ai+ 1, bR = ai(ai + 1), (6.3.7) 
we see that (ai, a2, ..., ait, bir, biz, ai+1, ..., an) (rearranging the numbers, if necessary), we get an 
element of SDRPS(n+ 1). The proof follows from the fact that 

te RS the Sih 
a b, atl a(a +1) aad). ae 


The third method mentioned in Murthy and Ashbacher® is as follows : Let di and di2 be two 
distinct divisors of aj, so that aj=di1xdi2. Then, replacing aj by cj, and ci2, where 





ci = dii(dii + di2), Ci2 = dia(dis + diz), (6.3.8) 
(and rearranging the terms, if necessary), we get an element of SDRPS(n+ 1). Note that 
l,l- 1 i 1 uka l 
Ca e2 di (d+ di.) did+d;,) didi, ae 


In connection with the third method above, we have the following result. 


Lemma 6.3.12 : In the set SDRPS(n), n= 3, an is not a prime. 
Proof : The proof is by contradiction. So, let an be a prime, say, an=p. Then, 











1,1l 1 —l-P 

atat + tag P (6.3.9) 
Let 

hs 1 

atat oe taa aaa 
so that from (6.3.9), we get 

A -1-PpP 
ajaz e Oa pP’ 


that is, 
pA=(p-1)a a2... an, 
and we reach to a contradiction, since none of a1, a2, ..., an is divisible by p. m 
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Since an is not a prime, it follows that an (if not a square) has at least two divisors (excepting 
the trivial ones 1 and ay). Note that, if ai is a prime, say, ai=p, then by the third method (6.3.8), 
p is replaced by p + 1 and p(p + 1) to get the corresponding element of SDRPS(n + 1). 


Starting with the single element (2, 3,6)€SDPRS(3), by applying the three methods outlined 
above, we get the following three elements of SDRPS(4) : 


(2, 4, 6, 12), (2, 3, 7, 42), (2, 3, 10, 15). 
Note that, the three methods are overlapping, and do not generate all the elements of SDRPS(4). 


Let the sequence of integers {aa} ;-3 , n= 3, be defined as follows : 


2, if j=l 
a3j 3, if j=2 
6, if j=3 
and for n>4, 
“i if j=l 
| aae at 5 pki 
Let 
An= (anı, an2, ..., Ann), > 3, 
where 


2=an1 <an2< ... <Ann. 


Then, as has been pointed out by Maohua®, we have an infinite sequence of sets, {A} the 


ioe) 
n=3’ 


elements of each of which satisfy the condition of Definition 6.3.2. 


To find a lower bound for fpr(n), we confine our attention to SDRPS(4). A closer look at 
the elements of SDRPS(4) shows that the second procedure, outlined in (6.3.7), can be applied 
to only three (of the four components) in each of the first five elements of SDRSP(4), while its 
last element gives only two elements of SDRPS(5). Thus, by the second method, we get the 17 
elements of SDRPS(5) as follows : (2, 4, 7, 12, 42), (2, 3, 8, 42, 56), (2, 3, 7, 43, 1806), 
(2, 4, 8, 12, 24), (2, 3, 9, 24, 72), (2, 3, 8, 25, 600), (2, 4, 9, 12, 18), (2, 3, 10, 18, 90), 
(2, 3, 9, 19, 342), (2, 4, 10, 12, 15), (2, 3, 11, 15, 110), (2, 3, 10, 16, 240), (3, 4, 5, 6, 20), 
(2, 4, 6, 20, 30), (2,4,5, 21,420), (2,4, 6, 12, 20) and (2,4, 6, 13, 156). Applying the third method, 
outlined in (6.3.8), the following eleven elements of SDRPS(5) are obtained : (2, 3,7, 78,91), 
(2, 3, 8, 33, 88), (2, 3, 8, 40, 60), (2, 3, 8, 28, 168), (2, 3, 9, 22, 99), (2, 3, 9, 27, 54), 
(2,3, 14, 15, 35), (2,3, 10, 24, 40), (2,4, 5, 24, 120), (2, 4, 5, 36, 45), (2,4, 6, 21,28). And finally, 
by Lemma 6.3.10, the following four elements of SDRPS(5) result : (2, 4, 6, 14, 84), 
(2,4, 6, 16, 48), (2, 4, 6, 18, 36) and (2, 4, 8, 10, 40). Thus, the suggested three methods together 
give only 32 elements of SDRPS(5), while Murthy and Ashbacher® reports that there are 72 
elements in the set SDRPS(5). 


Thus, the analysis with the elements of SDRPS(4) leads to the following estimate of 
SDRPS(n + 1) : 


for(n + 1) > m- 1)[fpr(n) = 1] +n—-2+ forn) =n frp(n) -1. 
In the above inequality, the number of elements of SDRPS(n + 1), obtained from the elements of 
SDRPS(n) by the method of (6.3.7) is (n—1)[fpr(n) — 1]+n-—2, and since an is not a prime, we 
can safely say that the number of elements of SDRPS(n + 1), arising from the elements of 


SDRPS(n), by the third method outlined in (6.3.8), is for(n). With n=4, we get fpr(5) = 23, 
which is a better and more reasonable estimate than the one given in Murthy and Ashbacher™. 
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6.4 Smarandache LCM Ratio 


In this section, we consider the Smarandache LCM ratio function, introduced by Murthy“. As 
we shall see later, there are, in fact, two types of Smarandache LCM ratio functions in the 
literature. 


Given any number k of positive integers ni, no, ..., Mk, We denote by (nı, n2, ..., nk) the 


greatest common divisor (GCD) of ni, n2, ..., Nk, and by [ni, Ny, ..., nx] their least common 
multiple (LCM). Then, we have the following results, whose proofs may be found, for example, 
in Apostol, 


nm 
(n, m) * 





Lemma 6.4.1 : For any positive integers n and m, [n, m] = 


Lemma 6.4.2 : For any integers nı, no, ..., Nk, 

(1) [m, m, ..., nk] =[[n, n, ..., nd, [ne nue, ..., nid], t<k, 

(2) (ni, Na, ..., nk) = ((m, No, ..., Nt), (Ntl, Ntt2, ..., nx)), t<k. 

The Smarandache LCM ratio function, proposed by Murthy, is as follows : 

Definition 64.1 : The Smarandache LCM ratio function of degree r, denoted by T(n, r), is 
given by 


l, n+2,..., n+r—l], 


[l 2, 3,..., r] Í 


T(n, r)= may n, reN. 





The explicit expressions for T(n, 1) and T(n, 2) are given in Murthy, and are reproduced 
in the following two lemmas. The proof of Lemma 6.4.3 is immediate from the definition, while 
Lemma 6.4.4 follows from the fact that (n, n+ 1)= 1 for any integer n2 1. 


Lemma 6.4.3 : T(n, 1)=n for all n> 1. 


Lemma 6.4.4 : For n= 1, T(n, 2) is given by 


n(n + 1) 


To, 2)= SF. 





The following two lemmas, due to Maohua‘”, give explicit expressions for T(n, 3) and 
T(n, 4) respectively. 


Lemma 6.4.5 : For n= 1, 














na +) +2) ifn is odd 
T(n, 3) = 6 
MEURE if n is even 
12 7 
Lemma 6.4.6 : For n= 1, 
na + D +2) +3) if 3 divides n 
Ta, 4) = a 
n(n + 1)(n + 2)(n + 3) 





A , 1f 3 does not divide n 
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Finally, the expression for T(n, 4), given by Wang Ting"®), is 












































Lemma 6.4.7 : For n= 1, 
nn+Dn+2Mm+3M+4) wp 
To a , ifn=12m, 12m+8 
na + Dn + 2) + 3) + 4) ifn=12m +1. 12m +7 
120 , ° 
n(n+Dm+2)n+3)\(n+4) . 
EE, ifn =12m4+ 2, 12m+6 
Ti aE 1 ie 3y(n +4 
Aani = Xo+9 itn =12m+3, 12m+5, 12m+9, 12m+11 
nn+Dn+2n+3)n+4) wp O 
480 , ifn=12m+4 
n(n +D +20 +30 +A wp O 
740 , ifn =12m +10 





Khairnar, Vyawahare and Salunke“® treated a variant of the Smarandache LCM ratio 
function, defined as follows : 


Definition 6.4.2 : The Smarandache LCM ratio function, denoted by SL(n, r) is 


SL(, r) = 


[n, n-1, n—-2, ..,n-r+]] 


[l 2, 3, es r] 


„r<n; n,reN. 


The function SL(n, r), given in Definition 6.4.2 above, may be called the Smarandache 
LCM ratio function of the second type. 


Lemma 6.4.8 : For any integer n21, 
SL(n,n)=1. 
Proof : is trivial from Definition 6.4.2. m 


The following lemma gives the relationship between T(n, r) and SL(n, r). 


Lemma 6.4.9 : For any integer n 2 1 andr with 1 <r <n, 
SL(n,r)=T(n-r+1,r). 


Proof : is evident from Definition 6.4.1 and Definition 6.4.2. m 


Note that, in Lemma 6.4.9 above, the condition n—r+121 requires that SL(n, r) is defined 
only for r <n. 


Lemma 6.4.10 : If p is a prime, then p divides SL(p, r) for all r <p. 
Proof : By definition, 


, p— —2,.., p-rt+l 
Ste p- PPLP a apar LP eat l rsp. 


Now, p divides [p, p—1, p—2, ..., p—r+1] for all r<p, while p does not divide [1, 2, 3, ..., r]. 
Thus, p divides SL(p, r). m 


Lemma 6.4.11 : If p is a prime, then p does not divide SL(2p, r) for any p < r < 2p. 
Moreover, if q is the prime next to p, then q divides SL(2p, r) for all p<r<q-1. 
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Proof : If p is a prime, then p divides [2p, 2p— 1, ..., 2p—r+1] for all r<2p, but p? does 
not divide [2p, 2p— 1, ..., 2p—r+ 1]; also, p divides [1, 2, ..., r] for all rèp. Hence, p does not 
divide 
[2p, 2p—], .... 2p-r+]] 

[, 2, .. r] 


To prove the remaining part of the lemma, first note that, by Bertrand’s postulate (see, for 
example, Hardy and Wright®), there is at least one prime, say, q, such that p <q < 2p. Now, 
from (6.4.1), q divides the numerator if p<r<q-1, but q does not divide the denominator. As 
such, q divides SL(2p, r) for all p<r<q-1. m 


SL(2p, r) = , Pp ST < 2p. (6.4.1) 


The explicit expressions for the functions SL(n, 1), SL(n, 2), SL(n, 3), SL(n, 4) and SL(n, 5) 
are given in Theorem 6.4.1—Theorem 6.4.5 below, which make use of Lemma 6.4.9, together 
with the expressions of T(n, 1), T(n, 2), T(n, 3), T(n, 4) and T(n, 5), given in the five lemmas, 
Lemma 6.4.3 — Lemma 6.4.7. An alternative method of derivations of these functions is given in 
the Appendix, where the definition of SL(n, r) is used. 


Theorem 6.4.1 : For any n> 1, SL(n, 1)=n. 
Proof : SL(n, 1)=T(n, 1)=n. m 


n(n — 1) 


Theorem 6.4.2 : For any n> 2, SL(n, 2)= 5 


Proof : By Lemma 6.4.4 and Lemma 6.4.9, 





SL(n,2)=T(n—1,2)=25, 
Theorem 6.4.3 : For any n> 3, 
na = DO= 2) itnis odd 
SL(n, 3) = 6 
nos Dm 2) if nis even 
me 


Proof : Using Lemma 6.4.5, together with Lemma 6.4.9, 
(n — 2)(n — 1)n 





, ifn — 2 is odd 
SL{n, 3)=T(n—2, 3)= 6 
(n—2)n—Dn . : 
D , ifn —2 is even 


Now, since n is odd if and only if n—2 is odd, the result follows. m 


Theorem 6.4.4 : For any n24, 
n(n — 1)(n — 2)(n — 3) 


= 72 
SLADE n(n -10 — 2)(n — 3) 


24 
Proof : By Lemma 6.4.6 and Lemma 6.4.9, 
(n — 3)(n — 2)(n — In 
SL(n, 4) =T(n -3, 4) = 12 
(n — 3)(n — 2) — In 
24 


, if 3 divides n 


, if 3 does not divide n 





, if 3 divides n —3 


, if 3 does not divide n — 3 





Noting that, 3 divides n—3 if and only if 3 divides n, the theorem follows. m 
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Theorem 6.4.5 : For any n25, 
























































n(n—1)(n oe 30-4) if n=12m,12m+4 
n(n -l)n aL 30-4 if n=12m+1,12m+3,12m+7,12m+9 
n(n—1)(n Oa 3)(n—4) if n=12m+2 
BA) n(n—1)(n 2n 30-4 if n=12m+5,12m+11 
n(n—1)(n y(n 30-4) if n=12m+6,12m +10 
n(n—1)(n ZA 3)(n—4) _if n=12m+8 


Proof : By virtue of Lemma 6.4.7 and Lemma 6.4.9, 
SL, 5)=Tm -4, 5) 





(n-4)(n-3)(n-2)n-I)n . 

ae ee ifn—4=12m, 12m+8 

(n — 4)(n — 3)(n — 2)(n 
120 

oe ifn —4=12m+2, 12m+6 

(n — 4)(n — 3)(n — 2)(n 
360 

(n — 4)(n — 3)(n — 2)(n 
480 

(n — 4)(n — 3)(n — 2)(n 
240 


Now, since n—4 is of the form 12m if and only if n is of the form 12m+4, n—4 is of the form 
12m +8 if and only if n is of the form 12m, n—4 is of the form 12m-+1 if and only if n is of the 
form 12m+5, n—4 is of the form 12m +7 if and only if n is of the form 12m+ 11, n—4 is of the 
form 12m +2 if and only if n is of the form 12m + 6, n—4 is of the form 12m +6 if and only if n 
is of the form 12m + 10, n—4 is of the form 12m +3 if and only if n is of the form 12m+7, n—4 
is of the form 12m+5 if and only if n is of the form 12m +9, n—4 is of the form 12m +9 if and 
only if n is of the form 12m+1, n—4 is of the form 12m+ 11 if and only if n is of the form 
12m+3, n—4 is of the form 12m+4 if and only if n is of the form 12m + 8, and n—4 is of the 
form 12m+ 10 if and only if n is of the form 12m + 2, the result follows. m 








Da ifn-4=12m+1 12m+7 








Da. ifn- 4=12m +3, 12m +5, 12m +9, 12m +11 











Dn ifn-4=12m+4 

















In ifn-4=12m+10 


Using the values of SL(n, r), n2 1, 1<r<n, the following table, due to Murthy, and called 
the Smarandache-Amar LCM triangle, is formed as follows : 


o0 


The 1* column contains the elements of the sequence {SL@, D} the 2™ column is 


n=1? 
formed with the elements of the sequence {SLa, DE and so on, and in general, the 
k-th column contains the elements of the sequence {SL(@, Ws : 

Note that, the 1* column contains the natural numbers, and the 2™ column contains the 

triangular numbers. 


The Smarandache-Amar LCM triangle of size 13x10 (13 rows and 10 columns) is given below. 
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1-st 2-nd 3-rd 4-th 5-th 6-th 7-th 8-th 9-th 10-th 
column column column column column column column column column column 


SL, 1) SL, 2) SL(n, 3) SL(n, 4) SL, 5) SL(n, 6) SLO, 7) SL(n, 8) SL(n, 9) SL(n, 10) 


1-st row 1 

2-nd row 2 1 

3-rd row 3 3 1 

4-th row 4 6 2 1 

5-th row 5 10 10 5 1 

6-th row 6 15 10 5 1 1 

7-th row 7 21 35 35 7 F 1 

8-th row 8 28 28 70 14 14 2 1 

9-th row 9 36 84 42 42 42 6 3 1 
10-th row 10 45 60 210 42 42 6 3 1 1 
1l-throw 11 55 165 330 462 462 66 33 55 55 
12-th row 12 66 440 165 66 462 66 33 11 11 
13-throw 13 78 286 715 429 858 858 429 143 143 


Note that, by Lemma 6.4.8, the leading diagonal contains all unity. 


Lemma 6.4.12 : If p is a prime, then sum of the elements of the p-th row = 1 (mod p). 
Proof : The sum of the p-th row is 


SL(p, 1) +SL(p, 2) + ... +SL(p, p— 1) + SL(p, p) 
=[SL(p, 1) +SL(p, 2) +... +SL(p,p—D]+1 
=1 (mod p), 

by virtue of Lemma 6.4.10. m 


Open Problem 6.4.1 : Find a congruence property for the sum of the elements of the k-th 
row when k is a composite? 


Open Problem 6.4.2 : Find the sum of the elements of the k-th row? 


Note that, by Lemma 6.4.10 and Lemma 6.4.11, some of the elements of the (2p)-th row is 
divisible by p, and some elements are not divisible by p but are divisible by q, where q is the 
next larger prime to p. 


Looking at the 9" row of the triangle, we observe that the number 42 appears in three 
consecutive places. Note that, 42 is divisible by the prime next to p in the interval (p, 2p) with 
p=s. 


Open Problem 6.4.3 : In the Smarandache-Amar triangle, is it possible to find (in some row) 
repeating values of arbitrary length? 


Note that, the above problem is related to the problem of finding the solutions of the 
equation 


SL(, r) = SL(n, r + 1). (6.4.2) 
A necessary and sufficient condition that (6.4.2) holds is 
(in, n- 1, ..., n=r +1], n—nr+D=({h 2, ..., r], r +D- r). (6.4.3) 


The proof is as follows : The equation (6.4.2) holds for some n and r if and only if 


[In,n—-1,...,n-r+l]_[n,n-],.., n-r] 
E Zar] — D2... r, r+ 
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that is, if and only if 
[n,n—-L.., n-r+])fL 2, ..., r, r+1]=[n, n—-L..., n—-r].[L 2, ..., r] 
that is, if and only if 





[L 2,.., r+) _ [n,n-],.., n-—r+i]m-—-n 
(EL 2,...r),c+1 (i, n-1,.., n—r+]], n-p’ 


which reduces to (6.4.3) after simplification. m 


[n, n-1, ..., n-r+l]]. 


fl, 2, .... r], 








Lemma 6.4.13 : If n is an odd (positive) integer, then the equation (6.4.2) has always a 
solution. 
Proof : We show that 


SL(2r + 1,r)=SL(2r + 1,r+ 1) for any integer r> 1. 
In this case, the necessary and sufficient condition (6.4.3) takes the form 


(r +1, 2r, ..., r+2], r+DE+1= (Ü, 2, ..., r], r+ DE +D. 
Now, since 
(2r +1, 2r, ..., r +2], r+D=([, 2, ..., r], r+) for any integerr > 1, 


we see that (6.4.3) is satisfied, which, in turn, establishes the result. m 


If n is an even integer, the equation (6.4.2) may not have a solution. A counter-example is 
the case when n = 4. However, we have the following result. 


Lemma 6.4.14 : If n is an integer of the form n = 2p + 1, where p is a prime, then 
SL(2p, p)=SL(@p, p+ 1) 
if and only if 
(iL 2, .... pl p+D=p+1. 
Proof : If n=2p +1, then the 1.h.s. of the condition (6.4.3) is 
(2p, 2p-1 .... p+ 1, D +D=pP +D, 


which, together with the r.h.s. of (6.4.3), gives the desired condition. m 


Conjecture 6.4.1 : The equation SL(n, r) =SL(m,r+ 1) has always a solution for any n= 5. 
In the worst case, SL(n, n—1)=SL(n, n)= 1, and the necessary and sufficient condition is 
that n divides [1, 2, ..., n—1]. 
Another interesting problem is to find the solution of the equation 
SLi +1,r)=SLQ@, r). (6.4.4) 
The equation (6.4.4) holds for some n and r if and only if 


[n,n—-1...,n—-r+l]_ [n+] n,.., n—r+2] 
[L 2, ..., r] Ib 2, ..., r] 


that is, if and only if 





[n,n—-L..,n—-r+2)(n-r+l) _ @+D.[n, n—-], .., n-r+2] 
(in, n-1, ..., n-r+2],n—-rt+l) ({n,n-l.., n—r+2], n+)’ 








which, after simplification, leads to 
(n-r+1.([n, n-1,..., n-r+2], n+D=(n+1.(n, n-1, .., n-—r+2],n—-rt+l), (6.4.5) 


which is the necessary and sufficient condition for the equation (6.4.4) to hold. 
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From (6.4.5), we observe the following facts : 
(1) n+1 cannot be prime, for otherwise, 
(ih, n-],..., n-r +2], n+1)=1, 
which leads to a contradiction. 
(2) In (6.4.5), 
[n, n-1,..., n-r+2]}, n+D)=n+1 < (i, n-1, ..., n-r+2], n-r+)=n-r4+l. 








(3) In (6.4.5), if n-r + 1 =2, then 


(In, n1, ..., n—r+2],n-r+)=2 => [n, n-1,..., n-r+2], n+)=n+1. 








(4) If n—r+1#2 is prime, then 
([n, n—-1, ..., n-r +2], n-r+1)=1 
=> n+l=(n-r+1).(n, n-1,..., n-—r+2], n+) (6.4.6) 


({n, n—-1,..., n-—r+ 2], n+1) , 
(ih, n-1,..., n-r+2], n+)-1 ’ 
after simplification, showing that ([n, n—1..., n—r+2],n+1)—1 must divide r. 

















=> nt+l= 





(5) In (6.4.5), if ({n, n-1.., n—r+2],n+l=n+1, then n—r+l1 cannot be an odd prime, 
for otherwise, by (6.4.6), 


n+l 
(n+1)-1 


which leads to a contradiction. 


n+l= r => ne=r, 


Conjecture 6.4.2 : The equation SL(n + 1,r)=SL(, r) has always a solution for any r> 3. 


In the worst case, SL(r + 1, r)=SL(r,r)= 1, and the necessary and sufficient condition is that 
(fl, 2,..., r], r+D=r+1. 


Remark 6.4.1 : Khairnar, Vyawahare and Salunke“* mentioned some identities involving 
the ratio and sum of reciprocals of two consecutive LCM ratios. The validity of these 
results depends on the fact that SL(n, r) can be expressed as 

SL(n, 1) = n(n — 1) ate? 
If SL(n, r) can be represented as in (6.4.7), it can be deduced that 


SL@, r+I)_ n-r l 1 2 n+l 
SL(, r) r+1° SL, rn) SLa@, r+) (+DSLM, r+)’ 


However, the above results are valid only under certain conditions on n and r. For 
example, for r=2, the above two identities are valid only for odd (positive) integers n. 
Thus, the next question is : What are the conditions on n and r for (6.4.7)? 


(6.4.7) 








If r=p, where p is a prime, then SL(p!—1, p) can be expressed as in (6.4.7), because in 
such a case 


lp! -1, p! -2 es p! -pPl_@Ẹ! -DỌE! -2 ..P! -p 
tee a i a NNN a A 
al IL 2. pl p! i 


In the Appendix, the expressions of SL(n, 1), SL(n, 2), SL(n, 3), SL(n, 4) and SL(n, 5) are 
derived directly from the definition. Some identities involving SL(n, 1), SL(n, 2), SL(n, 3), 
SL(, 4) and SL(n, 5) are also given. 
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APPENDIX 


The derivations of the expressions for SL({n, 1), SL(n, 2), SL(n, 3), SL(n, 4) and SL(n, 5) are 
given in Theorem A.1—Theorem A.5 below. 


Theorem A.1 : For any n= 1, SL(, 1)=n. 
Proof : follows immediately from Definition 6.4.2. m 





Theorem A.2 : For any n>2, SL(n, 2)= a 9 . 


Proof : Since for any positive integer n, (n, n—1)=1, it follows from Lemma 6.4.1 that 
[n, n—1]=n(n—1). Thus, the result follows from Definition 6.4.2. m 


Theorem A.3 : For any n23, 





n(n -Da-2 ifnisodd 
SL(n, 3) = 
ne Dit 2) sfniseyen 
12 i 
Proof : By Definition 6.4.2, 
_n, n-l, n-2]_[nn-14n-2], 
SL(n,3) IL 2. 3] 6 ; n23. (1) 


To find [n, n- 1, n—2], we consider the two possible cases separately below : 


Case 1 : When n is odd, say n=2m+ 1 for some integer m= 1. In this case, 


[n, n- 1, n-2]=[2m+ 1, 2m, 2m-1]=[[2m+ 1, 2m], 2m-1]. 
But, 
[2m+ 1, 2m] =2m(2m+ 1), 


[[2m+ 1, 2m], 2m—1] =[2m(2m+ 1), 2m—1]=2m(2m+ 1)(2m- 1). 


Now, inserting the above expression in (1), the result follows. 


Case 2 : When n is even, say n=2m for some integer m = 2. In this case, since 
(n, n—2)=(2m, 2m—2)=2, 
it follows that 
[n, n—1, n—2]=[[2m, 2m—2], 2m-1] 
= [ —_ 2) 2m 1] 
=m(2m-2)(2m-1). 
The above expression now gives the desired result. m 





Theorem A.4 : For any n24, 
n(n — 1)(n — 2)(n — 3) 


72 
SL{n, 4) = 
Ln, 4) n(n — 1)(n — 2)(n — 3) 
24 
Proof : Appealing to Definition 6.4.2, we get 
-1],n-2,n-3] [nn-Ln-2,n—-3], ae 
[L 2, 3, 4] 12 R 


, if 3 divides n 





, if 3 does not divide n 


SL(n, 4) = HB 4. 2) 
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To find [n, n—1, n—2, n—3], we consider the three possibilities separately below : 


Case 1 : When n is of the form n=3m for some integer m2 2. 
In this case, 

(n, n—3)=(3m, 3m—3)=3, (n—1, n—2)=1, 
so that 


[n, n—3]=[3m, 3m—3] = 





3m(3m — 3) 
3 ° 


[n—1, n—2]=[3m—1, 3m—2]=(3m—1)(3m—2). 
Therefore, 





[n, n—1, n—2, n—3] =[3m, 3m—1, 3m—2, 3m—3] 
=[[3m, 3m-—3], [3m—1, 3m—2]] 


= [2mm => | 3m-1)3m-2)] 








_ 3mm — De 2)(3m — 3) (3) 
where the last expression follows by virtue of the fact that 
(3m(m-—1), (m—1)(3m—2)) =2. 
Now, (2) and (3) give the desired result. 
Case 2 : When n is of the form n =3m + 1 for some integer m2 1. 
In this case, 
(n, n—1)=(3m+1, 3m)=1=(3m-—1, 3m—2)=(n—2, n—3). 
Therefore, 
[n, n—1, n—2, n—3] =[3m+ 1, 3m, 3m- 1, 3m—2] 
=[[3m+1, 3m], [3m—1, 3m—2]] 
=[3m(3m+ 1), (3î3m- 1)(3m-2)] 
_ 3mm — kan — 2)3m — 3) (4) 


using the fact that 

(3m(3m + 1), (3m—1)(3m—2)) =2. 
Substituting the expression of [n, n—1, n—2, n—3] in (2), we get the result. 
Case 3 : When n is of the form n=3m-+2 for some integer m2 1. 


In this case, the proof is similar to that of Case 2 above, and is left with the reader. m 


In course of proving Theorem A.4, we found explicit expressions of [n, n—1, n—2, n—3], 
which are summarized in the following lemma. These values would be required later for the 
proof of Theorem A.5. 


Lemma A.1 : For any n= 4, 


n(n — 1)(n — 2)(n — 3) 
6 

n(n — 1)(n — 2)(n — 3) 
2 


, if 3 divides n 
In, n-1, n—-2, n-3]= 
, if 3 does not divide n 
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Theorem A.5 : For any n= 5, 





















































ee Oe St n= mm 
nin Doe) | if n= 12m+1,12m+3,12m+7,12m+9 
n(n—1)(n 2y(n 30-4) if p=12m42 
SUNIT] anpa a0") if n=12m+5,12m+11 
ODO OOO") if n=12m+6,12m+10 
n(n—1)(n 2y(n 30-4) if p=12m+8 


Proof : By Definition 6.4.2, 
1 n-2n-3, n-4]_[n,n-1,n - 2, n- 3, n- 4]. 




















SL, 5) = 2 EEEN a „n25. (5) 
Now, by Lemma 6.4.1, 
[n, n—1, n—2, n—3, n—4]=[[n, n—1, n—2, n—3], n—4] 
_ b, n-L n-2, n-3])m-4) (6) 


(n, n-1, n-2, n—-3], n-4)° 








To find ([n, n—1, n—2, n—3], n—4), we consider the following 12 possibilities that may arise : 


Case 1 : When n is of the form n= 12m for some integer mẹ 1. 


In this case, by Lemma A.1, 
[n, n—1, n—2, n—3]=[12m, 12m—1, 12m—2, 12m—3] 
— 12m02m — )d2m — 2)02m — 3) 
= 6 





= 12m(12m—1)(6m—1)(4m—1), 





so that, 
({n, n—1, n—2, n—3], n—4) =(12m(12m-— 1)(6m— 1)(4m— 1), 12m—4) =4. 








Therefore, from (6), using Lemma A.1, we get 


n(n — D — 2)(n — 3)(n — 4) 
6x4 $ 





[n, n- 1, n—2, n—3, n—4]= 


Plugging in this expression in (5), we get the desired result. 


Case 2 : When n is of the form n = 12m + 1 for some integer mẹ 1. 








Here, 
[n, n- 1, n—2, n—3]=[12m+1, 12m, 12m- 1, 12m—2] 
_ 12m(02m + D(12m — D(12m — 2) 
z 2; 
=12m(12m+ 1)\(12m- 1)\(6m- 1), 
so that, 
([n, n—1, n—2, n—3], n—4) = (12m(12m + 1)(12m— 1)(6m- 1), 12m-3)=3, 
and hence 





_ n(n—l(n—2)(n-3)(n—4) 
[n, n—1, n—2, n—3, n—4]= oe : 
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Case 3 : When n is of the form n = 12m +2 for some integer mẹ 1. 


In this case, 
[n, n—1, n—2, n—3] =[12m+2, 12m+1, 12m, 12m—1] 


_ 12m(12m + 1)(12m + 2)(12m — 1) 
z 2 





= 12m(12m+ 1)(6m+ 1)\(12m- 1), 
and hence, 





({n, n—1, n—2, n—3], n—4) =(12m(12m+ 1)(6m+ 1)(12m— 1), 12m—2) =2, 
and 





n(n — 1)(n — 2)(n — 3)(n — 4) 


[n, n—1, n—2, n—3, n—4]= D) 





Case 4 : When n is of the form n = 12m +3 for some integer m2 1. 





In this case, [n, n- 1, n—2, n—3] and ([n, n-1,n-2,n-3],n 4) are given as follows : 
[n, n- 1, n—2, n—3] =[12m+3, 12m +2, 12m+1, 12m] 
_ 12m02m + D(12m + 2 (12m + 3) 
T 6 


=12m(12m+ 1)(6m+ 1)(4m+ 1), 
([n, n—1, n—2, n—3], n—4) =(12m(12m+ 1)(6m+ 1)(4m+ 1), 12m- 1)=1. 





Consequently, 


[n, n—1, n—2, n—3, n—4]= 





n(n — Da — 2)(n — 3)(n — 4) 
SS 


Case 5 : When n is of the form n= 12m +4 for some integer m= 1. 





Corresponding to this case, [n, n—1, n—2, n—3] and ([n, n—1,n—2,n—3],n 4) are 
[n, n—1, n—2, n—3] =[12m+4, 12m+3, 12m+2, 12m+ 1] 
_ (12m + 102m + 2)02m + 3)2m + 4) 
z 2 





= 12(12m + 1)(6m+ 1)(4m + 1)(3m+ 1), 


({n, n—1, n—2, n—3], n—4) =(12(12m + 1)(6m+ 1)(4m+ 1)(3m+ 1), 12m) = 12, 





and so, 





n(n — 1)(n — 2)(n — 3)(n — 4) 


[n, n—1, n—2, n—3,n—4]= 2x12 





Case 6 : When n is of the form n = 12m +5 for some integer m= 0. 


In this case, since 


[n, n—1, n—2, n—3] =[12m+5, 12m +4, 12m+3, 12m+2] 





_ (12m + 2)(12m + 3)(12m + 4)(12m + 5) 
T 2 


=12(6m+ 1)(4m+ 1)(3m+ 1)(12m+5), 
({n, n—1, n—2, n—3], n—4) =(12(6m + 1)(4m + 1)(3m+4 1)(12m+45), 12m+1)=1, 





we get, 





Innis ned 8 nea] = Oe eae. 
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Case 7 : When n is of the form n= 12m +6 for some integer m= 0. 





In this case, the expressions for [n, n—1, n—2, n—3] and ([n, n—1,n—2,n—-3],n 4) are 


[n, n—1, n—2, n—3] =[12m+6, 12m+5, 12m+4, 12m+ 3] 





_ (12m + 3)(12m + 4)(12m + 5)(12m + 6) 
a 6 


=12(4m+1)(3m+ 1)(12m+5)(2m+1), 


([n, n—1, n—2, n—3], n—4) =(12(4m+ 1)(3m + 1)(12m+5)(2m+ 1), 12m+2)=2, 
and hence, 








[n, n—1, n-2, n-3, n—4] = BaD — BO ~ Ha— 49 


Case 8 : When n is of the form n = 12m +7 for some integer m= 0. 
Here, 
[n, n—1, n—2, n—3] =[12m+7, 12m+6, 12m+5, 12m+4] 





_ (12m + 4)(12m + 5)(12m + 6)(12m + 7) 
~ D; 


= 12(3m+ 1)(12m+5)(2m+ 1)\(12m+ 7), 
({n, n—1, n—2, n—3], n—4) =(12(3m+4 1)(12m4+5)(2m+ 1)(12m+7), 12m+3)=3, 


and consequently, 


[n, n—1, n—2, n—3, n—4]= 





n(n — D — 2)(n — 3)(n — 4) 
2x3 . 





Case 9 : When n is of the form n= 12m +8 for some integer m= 0. 


Here, 
[n, n—1, n—2, n—3] =[12m+8, 12m+7, 12m+6, 12m+5] 


_ (12m + 5)d2m + 6)(12m + (12m + 8) 
z 2 





= 12(12m+5)(2m+ 1)(12m+7)(3m+2), 


({n, n—1, n—2, n—3], n—4) =(12(12m+ 5)(2m + 1)(12m+7)(3m+ 2), 12m+4)=4, 


and consequently, 





[n, n—1, n—2, n—3, n—4]= 





n(n — D — 2)(n — 3)(n — 4) 
2x4 X% 


Case 10 : When n is of the form n = 12m +9 for some integer m 20. 





In this case, the expressions for [n, n—1, n—2, n—3] and ([n, n—1,n—2,n—3],n 4) are 


[n, n—1, n—2, n—3] =[12m+9, 12m+8, 12m+7, 12m+6] 





_ (12m + 612m + N(12m + 8)d2m + 9) 
= 6 


= 122m+1)12m+7)3m + 2)(4m + 3), 





([n, n—1, n—2, n—3], n—4) =(12(2m+ 1) 2m+7)(3m +4 2)(4m + 3), 12m+5)=1, 


and hence, 








fanaa nae ee ee 
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Case 11 : When nis of the form n= 12m + 10 for some integer m= 0. 
Here, the expressions for [n, n—1, n—2, n—3] and ([n, n—1,n—2,n—3],n 4) are as follows : 
[n, n—1, n—2, n—3] =[12m+ 10, 12m +9, 12m+8, 12m+7] 
_ (12m + 702m + an +9) (12m + 10) 








= 12(12m+7)(3m+ 2)(4m + 3)(6m + 5), 


({n, n—1, n—2, n—3], n—4) =(12(12m+7)(3m+2)(4m+ 3)(6m+5), 12m+6)=6, 
Therefore, 








[n, n—1,n—2,n—3,n gae ee ae 


Case 12 : When nis of the form n=12m+ 11 for some integer m= 0. 
In this case, the expressions for [n, n—1, n—2, n—3] and ([n, n—1,n—2,n—-3],n 4) are 
[n, n—1, n—2, n—3]=[12m+ 11, 12m+10, 12m+9, 12m+8] 
_ (12m + 8)02m + an + 10)(2m + 11) 








= 12(3m+2)(4m + 3)(6m+5)(12m+ 11), 


({n, n—1, n—2, n—3], n—4) =(12(3m+4 2)(4m+3)(6m+ 5)(12m+4 11), 12m+7)=1, 
and hence, 








[ny nine arane DO eae 





In each of the above cases, substituting the expression of [n, n—1, n—2, n—3, n—4] in (1), the 
result follows. m 


In proving Theorem A.5, we also found the expression of [n, n—1, n—2, n—3, n—4], which 
is summarized below. These values would be necessary to find the expression of SL(n, 6). 





Lemma A.2 : For any n25, 

n(n — 1)(n — 2)(n — 3) - 4) 
1440 

n(n — 1)(n — 2)(n — 3)(n - 4) 
120 

n(n — 1)(n — 2)(n — 3) — 4) 

[n, n-1, n-2, n-3, n-4]= 12 

n(n — 1)(n — 2)(n - 3)(n — 4) 
360 

n(n — 1)(n — 2)(n — 3)(n — 4) 
480 

n(n — 1)(n — 2)(n — 3) — 4) 
240 





, ifn=12m, 12m+4 


, ifn=12m +1, 12m +3, 12m +7, 12m+9 








, fn=12m+2 





, fn=12m+5, 12m +11 








, fn=12m+6, 12m +10 


, ifn=12m+8 








Some identities of the forms SL(n, r)—SL(n—-1,r) are given in the five lemmas below. 
Lemma A.3 : SL(n, 3) satisfies the following recurrence relations : 
(n — 1)(n — 2)(n + 3) 
12 


(n -Da — 2)(6 — n) 
12 


, if n > 5 is odd 





(1) SL(n, 3)- SL —1, 3) = 





, if n > 4is even 


(n—2)*, ifn>5is odd 
(2) SLi, 3)-SL(n — 2, 3) = (n — 2)? 


7 , ifn > 6 is even 
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Proof : To prove the lemma, we make use of Theorem A.3. 
(1) If n=5 is odd, then 


SL, 3 -SL -1, 3) = nn — Ma -2) m- es 20-3) 
which gives the desired result after some algebraic manipulation. 
Again, if n 2 4 is even, then 


SL(n, 3)-SL(n —1, 3) = n(n — ni -2)_ @-)a z 2a -3)_ -Da 7 2)(6 — n) 





(2) If n=5 is odd, then 
sL(n, 3)—SL(n—2, 3) = n(n — Yio -2) (n-2)(n 3)(n-4) (n- a — 12) 





from which the result is immediate. 


On the other hand, if n 24 is even, then 


—no-)M-2) (n-2(n -3n -4 _ (n—-2)6n -12) 
SL(n, 3)-—SL(n — 2, 3) 1D 7 13 : 





All these complete the proof of the lemma. m 


Lemma A.4 : SL(n, 4) satisfies the recurrence relations below : 


(1) SLGn, 4)—SLGn—1, 4) = Bn — DGn — on -Dn — 2 








n22, 


_ n(n + Dn — Dn — 2) 
(2) SLGn+1, 4)-SLGn, 4) eN Ga = 2), 


n22, 








(3) SLGn+2, 4)-SLGn +1, 4) = n@Gn — pen + D 


n22. 


Proof : To prove part (1) of the lemma, using Theorem A.4, we get 


SLGn, 4-SL3n-—1, 4) = 3nGn — ee 2)3n — 3) Bn- DBn- 230 — 3)Gn — D: 








which then gives the desired result after some algebraic manipulation. 


To prove part (2), note that, by Theorem A.4, 


SLGn +1, 4)—SL@n, 4) = 





3nGn + DBn — DBn- 2)  3nGn -DBn — 2)GBn — 3) 
24 72 : 


giving the desired result after simplification. 


Finally, since 
SLGn + 2, 4)-SLGn +1, 4) = 


part (3) of the lemma follows. m 





3nGn — DBn + )Gn+ 2) 3nGn + Dn — Gn — 2) 
24 24 i 


The following lemma involves three identities of the forms SL(3n + 1,4) — SLGn-1, 4), 
SLGn + 2,4) — SLGn, 4) and SLGn + 3, 4) — SL(3n + 1, 4). 
Lemma A.5 : SL(n, 4) satisfies the following recurrence formulas : 


(1) SLGn+1, 4)-SLGn =I, 4) = EDn Dn D, 





n>2, 





n? Bn — 1)Gn + 7) 
4 $ 


(2) SLGn+2, 4)—SLGn, 4) = n=2, 











n? Bn + 1)Gn — 7) 
4 5) 


(3) SLGn+3, 4 -SL3n +1, 4) = n>3. 
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Proof : Since 
(1) SLGn+1, 4)-SLGn -1, 4) = 
3nGn + 2)Gn + DBn -D _ 3nGn = DGn - 2)Gn — 3) 
24 72 , 





3nGn + DBn —DGn — 2) Bn -DBn — 2)Gn — 3)Gn — 4) 
24 24 i 


(2) SLGn+2, 4)-SLGn, 4) = 











(3) SLGn+3, 4)—SLGn+l1, 4)= 3n(3n + Jone 2)3n +1) 3nGn+ Der Dn — 2) 


the result follows after simplifications. m 
Lemma A.6 : If n=7 is not divisible by 3, then 
SL(n, 4)-SL(a-3, 4) = @= Dar on +10) 
Proof : If n=7 is not divisible by 3, then by Theorem A.4, 
SL(n, 4) -SL(n -3, 4) = 2@= Da 2m-3) (n—3)n — 36 —5)(n — © 








which, after simplification, gives the result desired. m 


Lemma A.7 : SL(n, 5) satisfies the following recurrence relations : 


(1) SL(12n +1, 5)—SLd2n, 5) = l n(12n — D(6n — D(4n — DOn + 2); n 21, 





(2) SL(12n + 2, 5)-SL(12n +1, 5) = Z nd2n + D(12n —D(n - D + D; n21, 

(3) SL(12n +3, 5) -SL(12n + 2, 5) = —2n(6n +)d2n+Dd2n -D - D; n 21, 

(4) SL(12n +4, 5)-SL(12n +3, 5) =- l n(4n + D(6n + D(12n + DOn — 2); n 21, 

(5) SL(12n +5, 5- SL(12n + 4, 5) = + Gn +D)(4n + Dn + Dd2n + Dd In + 5); n= 1, 
(6) SL(2n +6, 5) —SL02n + 5, 5) =—2nn + D(4n + IX(6n + D(12n + 5); n 20, 

(7) SL(12n +7, 5- SL(12n + 6, 5) = g (2n + Dn + D(4n + D21 +50 + D; n 20, 

(8) SL(12n +8, 5) -SL(12n +7, 5) =- l (2n + Dn + D21 + 5)d2n+ 7)(n — D; n=O, 
(9) SL(12n +9, 5- SL(12n +8, 5) = 3 (2n + DGn + 2)012n + 5)d2n +7) + 2); n= 0, 
(10) SL(12n +10, 5) -—SLd2n +9, 5) = —£n(2n + Dn + 2)(4n + 3)02n +7); n= 0, 
(11) SL(12n +11, 5)—SLA2n +10, 5) = 2@Gn + 2)(4n + 3)(6n + 5)d2n +7) + D; n 20, 











(12) SLd2m +), 5)-SL02n +11, 5)= £3n + 2)(4n + 3)(6n + 5)12n + 1)d In + 6); n 20. 


Proof : follows from Theorem A.5. m 


In parts (6) — (12) of Lemma A.7 above, the case n=0 can easily be verified using the 


o0 


values of the sequence {SLa, 5)} the first few terms of which are given by 


n=5’ 


1, 1, 7, 14, 42, 42, 462, 66, 429, 1001, 1001, 364, 6188, 1428, .... 


It is indeed interesting to find that the LCM ratio function SL(n, r) is related to function 
SS(n), called the Sandor-Smarandache function, treated in the next section. The function SS(n) 


itself is related to the binomial coefficient a 
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6.5 Sandor-Smarandache Function 


Sandor“ introduced a new Smarandache type function, involving the binomial coefficient. The 
new function would be called the Sandor-Smarandache function. 


Given any integer n (2 1), the binomial coefficient, denoted by C(n, k), is defined by 





_{H)_ nl 
C(n, w(t] Kim! 0<k<n, 


where, by definition, 
C(n, 0)=1 for all n= 1. 


Then, the Sandor-Smarandache function, denoted by SS(n) is defined as follows : 


Definition 6.5.1 : For n=3 fixed, the Sandor-Smarandache function, SS(n), is defined by 


SS(n) = max f :1<k<n-2,n divides a) 


where, by convention, 


SS(1)= 1, SS(2)=1. 


Clearly, for any n (22), n divides a = es o) so that, as Sandor“ has pointed out, the 


condition k<n-—1 is introduced to make the problem non-trivial. However, observe that 6 does 
6 


not divide any of the three numbers PE 


4 )=20 and it divides only the two 


trivial ones, namely, (5) = e Similar case happens with n= 4. Thus, 


SS(4)=1, SS(6)=1. 
More generally, 


SS(n)2 1 for any integer n= 1. 


(Jae G 


we have the following theorem. 


Since 


Theorem 6.5.1 : For some n (= 2) and k, n divides k 


Moreover, we have the following result, proved by Sandor"®). 


if and only if k divides : - 3 l 


Theorem 6.5.2 : If (n, k) =1, then n divides G ; 


Since (57, 4)= 1, the above Theorem 6.5.2 guarantees that 57 divides al By virtue of 


Theorem 6.5.1, 4 divides ei Note that 57 divides ee though (57, 6)=3. This example 


shows that the condition in Theorem 6.5.2 is sufficient but not necessary. 
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Remark 6.5.1 : Since, for any integer n>2 fixed and 1<k<n-—1, we have a ae M 


Definition 6.5.1 is equivalent to the following one : 


SS(n) = min f :1<k<n-2, n divides ha R a 


In calculating the binomial coefficient C(n, k) = ki 


? when k<2n, the (computationally) 


useful formula is the following : 


C(n, k) = p m e MERED eksi 





For finding SS(n), the above formula has been employed. 


In view of Remark 6.5.1 above, we may redefine SS(n) as follows : 





SS(n) =max|k :1<k<n—2, ndivides M®—VO~D--O— K+ I, 


Lemma 6.5.1 : If n (23) is an odd integer, then SS(n) =n—-2. 
Proof : Let n=2a+1 for some integer a> 1. Then, since 


2a + (743 ‘|= 2a(2a + 1) 


ceo, n=2)=( 327 2 7 5 


obviously n=2a+ 1 divides C(n, n—2). This proves the lemma. m 
An immediate consequence of the above lemma are the following two corollaries. 
Corollary 6.5.1 : SS(p)=p-—2 for any prime p= 3. 
Corollary 6.5.2 : SS(pq)=pq—2 for any two primes p and q with q>p>2. 
Corollary 6.5.2 may be extended to any number of odd primes as follows : 
Corollary 6.5.3 : If pi, p2, ..., Pn be any n number of odd primes, then 
SS(p1 p2 ..- Pa) =P1 P2 .-- Pa—2. 


Corollary 6.5.4 : The function SS(n) is not multiplicative. 
Proof : Let p and q be two distinct odd primes. Then, by Corollary 6.5.2, 


SS(pq) = pq—2# (p—2)(q—2) = SS(p) SS(q). m 


Lemma 6.5.2 : For some integer n (2 3), SS(n)=n-—2 if and only if n is odd. 
Proof : The “if” part of the lemma follows from Lemma 6.5.1. To prove the converse, let 
SS(n)=n-—2, so that n—2 (<n-—1) is the maximum number such that n divides 


Goo Ea 


Then, n must be odd, for otherwise, we are led to a contradiction. m 
Corollary 6.5.5 : SS(n)>n-—2 for any composite number n (2 4). 


Lemma 6.5.3 : Let n be an integer of the form 2a, where a is not a multiple of 3. Then, 
SS(n)=n-3. 
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Proof : Let n=2a (a= 1) be an integer not divisible by 3. Clearly, 2a does not divide 
2a _ 2a(2a — D 
2a-2 2 


2a _ 2a(2a — 1)(2a — 2) _ 2a(2a —1)a-1) 
2a— 3 2x3 3 


Now, consider 





Here, since 2(a—1), 2a—1 and 2a are three consecutive integers, one of them must be divisible 
by 3; and hence, one of 2(a—1) and 2a- 1 is divisible by 3 (since, a is not a multiple of 3). Thus, 


6 divides 2(a—1)(2a—1). Hence, n=2a divides z i al . 


Corollary 6.5.6 : SS(2p)=2p—3 for any prime p 25. 
Proof : follows from Lemma 6.5.3. m 


Generalizing Corollary 6.5.6 above to any number of odd primes, we get the following 
Corollary 6.5.7 : SS(2pi p2 ... Pn) =2p1 P2 ... Pn—3 for any odd primes pi, p2, ..., Pn. 
Lemma 6.5.4 : Let p (= 2) be a prime and n (2 1) be any integer. Then, 


—2, if p23 
SUNE P "_3 if p=2,n>3 


Proof : By Lemma 6.5.2, it remains to prove the second part only. To do so, consider 


anf" — DE? ~ 2) = oe 2], 


where the term (2"— 1)(2"—2) is obviously divisible by 6. m 
Lemma 6.5.5 : Let p (23) be a prime and n (= 1) be any integer. Then, 
2p" —3, if p3 
SS(2p") =; 2p" —4, if p= 23 andn is even 
2p°-—5, if p=3 andn is odd 
Proof : First, let p#3. Then, the first part is a consequence of Lemma 6.5.3. Next, let p=3. 
Here, we have to consider separately the two possibilities : 


Case (A) : When n is even, say, n = 2b for some integer b2 1. 
Here, consider the expression below : 


2.325 — 1)(2.325 — 2)(2.326 — 3 
23[ ang = 23 ] 


=2.3> [232 — 1)(3% n 1)(2.326-1 — D], 








Since 37>— 1 =(3°—1)(3°+ 1) is divisible by 4, the second part of the lemma follows. 


Next, let n be odd, say, n=2c +1 for some integer c > 1. Now, consider the expression 


3 goi 2.3541 — 1)(2.32e+1 — 2)(2,32e+H — 39(2,32eH1 — 4)] 
: 2x3x4x5 


-2 pe 2.3241 -DE -D23 -D = 2)) 

Ea 2x5 . 
Clearly, 10 divides (2.3?! — 1)(3% — 1)(2.3°°— 1)(3***!— 2) (since 5 does not divide 3***"). 
All these complete the proof of the lemma. m 
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Lemma 6.5.6 : Let n be an integer of the form n=6m, m> 1. Then, 


SS(n)=n—4, if m is of the form 4s +3 for any integer s = 0. 


SE 6m 6m f 
Proof : Clearly, n = 6m does not divide any of l 6m- ,| and í Snie | Consider 








6 6m — 1)(6m — 2)(6m - 3 6m — 1)(3m - (2m - 1 
(smn j E Ko Dee en | Om Em Ome), 


2x3x4 


Now, if m=4s+3 for some integer s20, then 3m—1=4(3s+2) is divisible by 4, and hence, 


a 6m n 
n=6m divides Pian ea), 


This proves the lemma. m 


Observe that, in Lemma 6.5.6, m=4s+3 for some integer s20 if and only if 3m=4t+1 
for some integer t= 2. The “only if’ part is immediate. To prove the other part, let 3m=4t+1. 
Then, t must be of the form t=3s+2. Also, note that, Lemma 6.5.6 is valid for m=p, where p is 
a prime of the form p=4s +3 (s=0). Thus, for example, 


SS(6x3) = 14, SS(6x7) = 38, SS(6x11) = 62, SS(6x 19) = 110, SS(6x23) = 134. 


Lemma 6.5.7 : Let m be an integer of the form m=4s + 3, s 20. Then, 
SS(30m) = 30m —4. 
Proof : We start with 


(30m — 1)(30m — 2)(30m — 3)] _ (30m — 1)(15m — 1)(10m — 1) 
Now, note that, if m=4s+3, then 15m—1=4(15s+11), so that 4 divides the term inside the 
square bracket. m 


Note that, the lemma above is valid for m=p, where p=7 is a prime of the form p=4s + 3. 


In Lemma 6.5.7 above, observe that 4 divides 15m—1 if and only if m=4s+3 for some 
integer s20. The proof is as follows : Let 15m—1=4a for some integer a, so that 15m=4a+1. 
The solution of the equation is a=15s+11, s20. Then, 4a+ 1=15(4s +3), and we get the 
desired result. As an illustration of Lemma 6.5.7, we mention the following : 


SS(210) = 206, SS(330) = 326, SS(450) =446, SS(570) = 566, SS(690) = 686, SS(810) = 806. 


Lemma 6.5.8 : Let n=6m, where 5 does not divide m. Then, SS(n) #n—6. 
Proof : We start with 
6m | (6m) _ 6 [on — 1)(6m — 2)(6m — 3)(6m — 4)(6m — 5) 
6m-6) 7| 6) 2x3x4x5x6 > 
which simplifies to 
6m )_ 6 [ee — 1)(3m — 1)(2m — 1)(3m — 2)(6m — 5) 
66) ™ 2x5x6 i 
Now, inside the square bracket, only one of 3m—1 and 3m—2 is even. Moreover, if 5 does not 
divide m, then the last term (that is, 6m — 5) is inactive. m 








Lemma 6.5.9 : Let p be a prime of the form p=6u+ 1, u2 1. Then, 
SS(p+ 1) =p-—2. 
Proof : If p=6u+1, then clearly p+ 1 divides 


= =e dpe " 
3 3! i 
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Lemma 6.5.10 : Let p be a prime of the form p=6u+5 for some integer u= 1. Then, 
SS(p+1l)=p-3 
if and only if 
u=2(2s+ 1), s20 being an integer. 


Proof : We start with the expression 





(p+ Dp - D - 2) 
4! ; 
When p= 6u + 5, the above expression simplifies to 


(p+ Dp[ EHD], 


Thus, in order that the expression inside the square bracket is an integer, 4 must divide 3u +2, so 
that 

3u=4a-—2 for some integer a> 1. 
The solution of the above Diophantine equation is 

u=2(2s+ 1) for any integer s 2 0. 


This completes the proof of the lemma. m 


Applying Lemma 6.5.10 for small values of u, we get the following functions : 
SS(18) = 14, SS(42) =38, SS(90) = 86, SS(114) = 110. 

From Lemma 6.5.10, we see that, if p=6u+5 with u#2(2s + 1) (for any integer s > 0), then 
SS(p+ 1)2p-—4. 


We now state and prove the following lemma. 


Lemma 6.5.11 : Let p be a prime of the form p = 6u + 5, for some integer u > 1, with 
u#2(2s+ 1) for any integer s > 0. Then, 


SS(p+1)=p-4, 
if and only if u is of any of the three forms : u=5x +1 (x20), u=5y +2 (y2 1), u=5z+3 (z=0). 
Proof : With p=6u+5, we have 


(p+ typ t-20- D0- py pE 2Cu+ euti] 








Since one of the two numbers, 3u + 1 and 3u +2, is even, it is sufficient to find the condition 
such that 5 divides one of the three factors, 3u +2, 2u+ 1 and 3u+ 1. 
Now, if 5 divides 3u + 2, then 
3u = 5a—2 for some integer a2 1, 
with the solution 
u=5x+ 1 for any integer x 20. 
Again, if 5 divides 2u + 1, then 
2u=5b—1 for some integer b> 1, 
whose solution is 
u=5y+2, y2 1 being an integer. 
Finally, if 5 divides 3u+ 1, then 
3u =5c-— 1 for some integer c 2 1. 
The solution of the above Diophantine equation is 
u=5z+3 for any integer z 2 0. 
All these complete the proof of the lemma. m 
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Using Lemma 6.5.11, we get the following functions : 
SS(12) =7, SS(72) =67, SS(102) = 97, SS(132) = 125, SS(192) = 187, SS(252) = 247, 
SS(48) =43, SS(108) = 103, SS(168) = 163, SS(198) = 193, SS(228) = 223, 
SS(24) = 19, SS(54) =49, SS(84) =79, SS(174) = 169. 


Lemma 6.5.10 and Lemma 6.5.11 are concerned with the function SS(p+1), when p is a 
prime of the form p=6u+5 (for some integer u 2 1). Lemma 6.5.11 gives the condition that 
must be satisfied for SS(p+ 1) =p—4. It can readily be shown that, the three conditions given in 
Lemma 6.5.11 are satisfied if and only if p is of one of the three forms p=5u+1, p=5u+2 and 
p=5u+3 respectively : When u=5x+1, then p=6(5x+ 1)+5=5(6x+2)+1, when u=5y+2, 
then p=6(5y + 2)+5=S5(6y +3)+2, and with u=5z+3, p=6(5z+3)+5=5(6z+4)+3. where p 
is a prime of the form p=5u+3. In the next five lemmas, we consider the problem of finding 
SS(p+ 1) when the prime p is of the form p = 5u +4. 


Lemma 6.5.12 : Let p be a prime of the form p = 5u +4. Then, 
SS(p+ 1) =p—3, 
if u is of one of the following three forms : 
(1) u=24s+17, s=0 being an integer, 
(2) u=72s +41, s=0 is any integer, 
(3) u=48s +41, s=0 being an integer. 
Proof : With p=5u+4, the expression 


—1)\p-2 
(p+ pp PBE, 
takes the form 


(p+ Dp[ O ens 9]. 


(1) We consider the case when 8 divides 5u +3 and 3 divides 5u+2. Then, 
Su =8a-—3, 5u=3b—2 for some integers a (2 1) and b (21), 
with the respective solutions 
u=8c+1, u=3d+2; c (20) and d (20) being integers. 
Then, solving the combined Diophantine equation (that is, 8c =3d+ 1), we get 


c=3s+2,s>0. 
Therefore, 
u=8(3s+2)+1=24s+17, 


which is the desired condition. 
(2) We now consider the case when 8 divides 5u +3 and 9 divides 5u +2, so that 

Su =8a-—3, 5u=9b—2 for some integers a (2 1) and b (21), 

with the respective solutions 
u=8c+1,u=9d+5 for any integers c (20) and d (20). 

Then, solving the combined Diophantine equation, (namely, 8c =9d +4), we get 
c=9s+5,s2>0. 

Therefore, finally 
u=8(9s+5)+1=72s+41, 


which is the condition desired. 
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(3) We consider the case when 16 divides 5u +3 and 3 divides 5u +2. In this case, we have 
Su = 16a—3, 5u=3b—2 for some integers a (> 1) and b (2 1), 
whose solutions are 
u=16c+9, u=3d+2 for any integers c (20) and d (20). 
Now, solving the combined Diophantine equation, in the form 16c =3d—7, we get 
c=3s+2 for any integer s (= 0). 
Hence, finally 
u=16(3s+2)+9=48s+41. 
All these complete the proof of the lemma. m 


Lemma 6.5.13 : Let p be a prime of the form p = 5u +4. Then, SS(p+1)#p—4. 
Proof : Considering the expression 


P= DP = HP = 9) _ (p+ p[ Cet Out EED], 








(p+ lp 


the result follows since 5 does not divide any of 5u +3, 5u+2 and 5u+ 1. m 


Lemma 6.5.14 : Let p be a prime of the form p = 5u +4, u=72s+59 (s20 being an integer). 
Then, 
SS(p+1)=p—5S. 
Proof : With p=5u+4, the expression 


P- D@ — 2) — 3) - 4) 
6! i 





(p+ lp 


becomes 





(p+ 1)p (Su + Out 200 + Day, 
Clearly, the product term inside the square bracket is an integer if the numerator is divisible by 
16x9. Here, one possibility is that 9 divides 5u +2 and 8 divides 5u + 1, leading to the equations 
Su =9a-—2, 5u=8b—1 for some integers a (2 1) and b (2 1), 
with the respective solutions 
u=9c +5, u=8d+3; c (20) and d (20) being any integers. 
Combining these two together, we have to solve the Diophantine equation 
9c = 8d—2, 
whose solution is 
c=8s+6, s20 being an integer. 
Therefore, 
u=9(8s+6)+5=72c +59, 


which we intended to establish. m 


Lemma 6.5.15 : Let p be a prime of the form p=5u+4, u=24s +11 (s20 being an integer), 
such that s + 3y +2 for any integer y (20) and 7 does not divide p+ 1. Then, 
SS(p+ 1)=p-6. 
Proof : Substituting in 


(p+ pp P= NE -2P -DP = 4K - 5), 


p=5u+4, we get 


(5u + 3)(5u + 2)(Su+ 1)(Su— Du 
(+ Dp Se | 
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Now, we consider the case when 3 divides 5u +2 and 8 divides 5u + 1, so that 
Su =3a-—2, 5u=8b—1 for some integers a (2 1) and b (21). 
The solutions of the above equations are 
u=3c+2, u=8d+3 (for any integers c (20) and d (=0)) 
respectively. This, in turn, leads to the Diophantine equation below : 
3c=8d+1, 
with the solution 
c=8s+3,s=0 being an integer. 
Thus, 
u=3(8s+3)+2. 
Now, if s = 3y +2, then u = 24s + 11 = 72y +59, and by Lemma 6.5.14, SS(p + 1)= p- 5; 
Otherwise, since 7 does not divide p+ 1, SS(p+1)=p-—6. m 


Lemma 6.5.16 : Let p be a prime of the form p=5u+4, u=12s+5 (s20 being an integer). 
Then, 
p—3, if sis odd 
SS(p+ l= ae oh 
p—6, if sis even, 7 does not divide p+1 
Proof : We start with 


(p+ pp P= DE -2P -DP — 4x - 5) 





=e Dpl (5u + DOr LEL las 1)u(Su — 1) (1) 
Now, we consider the case when 12 divides 5u—1, so that 

Su=12a+1 for some integer a (= 1). 
The solutions of the above equation is 

u=12s+5, s=0 being an integer. 
Now, note that 

Su+3=4(15s+7), 5u+2=3(20s +9), 5u + 1 =2(30s + 23), Su—1=12(5s +2). 
Thus, if s odd, then 5u +3 is divisible by 8, and thus, in (1), the term (Su +3)(5u +2) is divisible 
by 2x34, so that 

SS(p+ 1)=p-3. 
Otherwise, the term inside the square bracket in (1) is divisible by 7, and hence, 

SS(p+ 1)=p-6. 
All these complete the proof of the lemma. m 


Example 6.5.1 : The first few instances of part (1) Lemma 6.5.12 are as follows : 
SS(90) = 86, SS(450)) = 446, SS(570) = 566, SS(810) = 806. 
Part (2) of Lemma 6.5.12 gives the following expressions of SS(n) : 
SS(570) =566, SS(930) = 926, SS(1290) = 1286, SS(1650) = 1646; 
and from part (3) of Lemma 6.5.12, we get the following expressions : 
SS(450) = 446, SS(930) = 926, SS(1410) = 1406. 
Lemma 6.5.14 gives the functions SS(660) = 654, SS(1020) = 1014, SS(2100) = 2094. 
Using Lemma 6.5.15, we get the first two functions as SS(180) = 173, SS(1500) = 1493. 
The first few functions obtained from Lemma 6.5.16 are as follows : 
SS(30) = 23, SS(90) = 86, SS(150) = 143, SS(270) = 263. 
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Remark 6.5.2 : The eight lemmas, Lemma 6.5.9 — Lemma 6.5.16, are concerned with the 
problem of finding SS(p +1), where p is a prime. Since the pattern of the primes is 
unknown, we have to consider the possible cases. Needless to say, these eight lemmas 
do not cover all the primes; moreover, some of the cases may be overlapping (in 
Lemma 6.5.9—Lemma 6.5.16). Note that, in case of Lemmas 6.5.9—6.5.12 as well as 


in Lemmas 6.5.14—6.5.16, both p+ 1 and p(p + 1) divide ie ') 


Remark 6.5.3 : If u=5 in Lemma 6.5.16, we get the prime p=29. Then, by virtue of the 
lemma, SS(30) = 23. This shows that Lemma 6.5.16 is valid when s=0 as well. Also, 
corresponding to u=17, we get the prime p= 89, with SS(90) = 86; and corresponding 
to s=7, we get u = 89 in Lemma 6.5.16, we get the prime p = 449, and hence, 
SS(450) = 446. In Lemma 6.5.16, we assume that p+ 1 is not a multiple of 7 to 
guarantee that one of the five terms inside the square bracket in (1) is divisible by 7. 
However, searching for a prime p with p+1 being divisible by 7, we found that the 
first such prime is p=349=5x69+4, with SS(350) = 346. Note that, in Lemma 6.5.16, 
the problem of finding p such that p+1 is a multiple of 7 reduces to the problem of 
solving the Diophantine equation 

u—7a=1. 


Lemma 6.5.17 : Let n=6m, where m +4s + 3 for any integer s 2 0. Then, 
SS(6m) = 6m—5, if m is not divisible by 5. 
Proof : We start with 
(6m — 1)(6m — 2)(6m — 3)(6m — 4)] _ (6m — 1)(3m — 1)(2m — 1)(3m — 2) 
6m 2x3x4x5 ] 6m[ 2x5 ]. 
Clearly, one of the two numbers, 3m-— 1 and 3m —2, is divisible by 2; moreover, the terms in the 


numerator inside the square bracket is divisible by 5, if m is not a multiple of 5. 
Thus, the lemma is proved. m 





The corollary below follows from Lemma 6.5.17 in case of primes. 
Corollary 6.5.8 : SS(6p)=6p-5 for any prime p +4s +3 for any integer s 2 0. 


Lemma 6.5.18 : Let n=6m, where m+ 4s +3 for any integer s 20. Then, 
6m-6, if m=10(6s+5),s>0 
6m-7, if m+#10(6s +5) for any s 20, mis not divisible by 7 
6m—8, if m=35(8s +3), s20 
6m-11, if m=35(12s +7), s = 2, 6, 10, ... 
Proof : To find the condition such that SS(6m) = 6m-—6, we start with 

6 f Sm — 1)(6m — 2)(6m — 3)(6m — 4)(6m — 5) 

om 2x3x4x5x6 
= (6m — 1)3m — 1)2m — 1)3m — 2)(6m — 5) 
= 6m] WSO : 


Now, the numerator inside the square bracket must be divisible by 2x5x6; moreover, the last 
term 6m—5 (which is divisible by neither 2 nor 3) must be divisible by 5. Note that, of the five 
terms, three are odd, and only one of the two terms 3m—1 and 3m —2 is even. Thus, the three 
conditions below must be satisfied simultaneously : 

(1) 2m—1 must be a multiple of 3, (2) 4 must divide 3m —2, and (3) m must be divisible by 5. 
Now, from first condition, we get 


SS(6m) = 
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m=3a+2 for any integer a= 0. 
Then, since 3m—2=9a+4, the second condition requires that a=4b (for some integer b> 1), so 
that 

m=2(6b+1). 
Again, by the third condition, m = 5c for some integer c = 1. Combined together, we get 

2(6b + 1) =5d, 
with the solution 

b=5s+4, s20. 
Thus, finally 

m=2[6(5s+4)+1]=10(6s+5), s21, 
which is the desired condition on m such that 

SS(6m) = 6m —6. 
Next, let m4 10(6s + 5) for any integer s > 0. We consider 

6m] (6m — 1)(3m — 1)\2m : 2 2)(6m — 5)(m D], 
Clearly, the term (6m— 1)(3m-— 1)(2m- 1)(3m- 2)(6m —5)(m-—1) in the numerator inside the 
square bracket is divisible by 2x5x7, if m is not a multiple of 7. Thus, 

SS(6m) = 6m —7, if 7 does not divide m. 
Next, we find the condition such that SS(6m) = 6m — 8. To do so, we start with the reduced 
simplified expression : 

6m[ (6m — 1)(3m — 1)(2m — 1)(3m — 2)(6m — 5)(m — 1)(6m — D], 

2x5x7x8 

Clearly, the numerator inside the square bracket on the right is an integer if the following three 
conditions are satisfied simultaneously : (1) m is a multiple of 5, (2) m is divisible by 7, and 
(3) 8 divides m- 1. 
Now, from the first two conditions, we see that 35 must divide m (so that, m = 35a, a> 1); 
moreover, from the third condition, m = 8b + 1, b > 1. Thus, we have to solve the equation 

35a=8b+1. 
The solution of the above equation is a = 8s + 3, s > O being any integer. Therefore, 

m=35(8s +3), s20. 
Thus, we get the condition such that 

SS(6m) = 6m—8. 
Finally, we find the condition such that SS(6m) =6m-— 11 as follows : Consider the reduced, 
simplified expression 

6m|. (6m — 1)(3m — 1)2m — 1)3m — 2)(6m — 5)(m — 1)(6m — 7)(3m — 4)(2m — 3)(3m — 5) 
3x4x5x7x1 0x11 

Now, one of 3m—1 and 3m—2 is even, so that 4 must divide m—1 (so that m=4a+1 for some 
integer a2 1). Also, 35 must divide m (that is, m=35b, b> 1). Moreover, 3 must divide 2m—1. 
Thus, we have to solve the three simultaneous Diophantine equations : 

70b =3c+1=8a+2. 
The left-hand side equation gives the solution b =3d+ 1, d=0, and so, it remains to solve 

m—1=105d+34=4a, 
whose solution is d=4s +2, s>0. Hence, finally, we get 

m=35(12s+7), s=2, 6, 10, ..., 
which is the condition we intended to find. 
All these complete the proof of the lemma. m 
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In the example below, we illustrate Lemma 6.5.17 and Lemma 6.5.18 with the help of some 
simple examples. Note that, it remains to find SS(6m), when m is divisible by 5x7x11. 


Example 6.5.2 : Since the number n= 54 is of the form 6(4s + 1), by Lemma 6.5.17 above, 
SS(54) =49. Similarly, SS(78)=73. Again, the number n= 30 is divisible by 5 but not by 7, so 
that, by Lemma 6.5.18, SS(30) = 23. Similarly, SS(150) = 143. The number 105 is the first 
number of the form 35(8s +3), and hence, by Lemma 6.5.18, SS(6x105) = SS(630) = 622. Since 
2310 = 35x66, SS(2310) = 2302. Finally, since n= 1470 = 6x245=6x(7x35), by Lemma 6.5.18, 
SS(1470) = 1459. By the application of Lemma 6.5.17, we have 


SS(12)=7, $S(24) = 19, SS(36)=31, SS(48) =43, SS(84) =79, SS(324) =319. 


We now concentrate our attention to the expression SS(60m). Since 





60m (60m — _ —2)_ 60m (60m — es - 1) ; 





60m (60m — a 2)(60m — 3) _ an (60m — See 1)(20m — 1) 


6 


60m (60m — 1)(60m — ain — 3)(60m — 4) _ 60m (60m — 1)(30m — ae - 1)(5m - 1) i 
we see that SS(60m) #60m—3, SS(60m) + 60m- 4, SS(60m) + 60m- 5 for any integer m. 





Lemma 6.5.19 : For m= 1, 
60m-6, if m=6s+5,s20 
SS(60m) =; 60m—7, if m #6s + 5 and 7 does not divide m 
60m-8, if m=7(8s +9), s20 


Proof : The first part is just a restatement of the first part of Lemma 6.5.18. To prove the 
second part, consider 


60m[ (60m — 1)(30m — 1)(20m — _— — 1)02m — 1)(10m — DT, 





Now, (60m — 1)(60m — 2)(60m — 3)(60m — 4)(60m — 5)(60m — 6) is divisible by 7, if m is not a 
multiple of 7. 
Next, we consider 


60m (OOM — 1)(60m — 2)(60m — 3)(60m ~ 4)(60m — 5)(60m — 6)(60m - 7) 
a 3! 





=60m[ (60m — 1)G0m — 1)20m — Bie 2 (12m — 1)(10m — 1)(60m - D], 


Here, we have to find the condition such that the term inside the square bracket is an integer. So, 
we consider the case when 7 divides m and 8 divides 15m-— 1. Thus, 





m=7a, 15m=8b+1 for some integers a21, b21. 
The solution of the second equation is 
m= 8b +7 for any integer b 20. 
Now, considering the combined equation 
Ja=8b+7, 
we get the solution 
a=8s +9, s20 being an integer, 
and hence finally, 
m=7(8s +9). 
All these complete the proof of the lemma. m 
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Lemma 6.5.20 : Let either m= 7(9s + 4), s>0, or m= 7(9t + 2), t20. Then, 
SS(60m) = 60m — 9. 
Proof : To prove the lemma, we start with 
60m (60m — 1)(60m — 2)(60m — 3)(60m — ea — 5)(60m — 6)(60m — 7)(60m — 8) 


(60m — 1)(30m — 1)(20m — 1)(15m — 1)(12m — 1)(10m — 1)(60m — 7)(15m — 2) 


J 60m[ 2x7x9 





Now, we find the condition such that the term inside the square bracket is an integer. 
First, note that, one of the two terms, 15m-— 1 and 15m —2 is even. It is thus sufficient to find the 


condition that the term inside the square bracket is divisible by 7x9. Now, note that m must be 
divisible by 7. Thus, 


m=/7a for some integer a> 1. 
Next, note that, if 3 divides 10m — 1, so that 
10m=3a+1 for some integer a2 1, 


then 20m—1=6a + 1, so that 3 does not divide 20m-— 1. Thus, we have only two possibilities : 


Case 1: When 9 divides 10m-— 1. 
Then, 
10m=9b + 1 for some integer b2 1. 


Thus, we are lead with the two Diophantine equations : 
m=7a, 1Om=9b+1. 

Combining together, we have, 70a =9b + 1, whose solution is 
a=9s +4, s20 being an integer. 

Hence, 
m=7(9s+4), s20. 

Case 2 : When 9 divides 20m — 1. 

In this case, 
20m = 9c + 1 for some integer c2 1, 

so that we are faced with the two Diophantine equations : 
m=7a, 20m=9c + 1. 

Writing the second equation as 140a=9c + 1, we get the solution 
a=9t+ 2 for any integer t 20. 

Consequently, 
m=7(9s +4), t=0, 


which is the desired condition. 
Thus, the lemma is established. m 


Lemma 6.5.21 : SS(60m) = 60m-— 10 if m=42(10s + 9), s 20 being any integer. 
Proof : we start with 





(60m — 1)(60m — 2)(60m — 3)(60m — 4)(60m — 5)(60m — 6)(60m — 7)(60m — 8)(60m — 9) 
60m TO! 


[en — 1)(30m — 1)(20m — 1)(15m — 1)(12m — 1)(10m — 1)(60m — 7)(15m — 21] 


=60m 2x3x4x5x7 
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We now have to find the condition such that the term inside the square bracket is an integer. To 
do so, we consider the case when 7 divides m, 3 divides 20m—3, 5 divides 12m-— 1, and 4 
divides 15m—2, so that, we have, 


m=7a, 20m= 3b+3, 12m=5c+1, 15m=4d+2 
for some integers a2 1, b2 1, c2 1 and d2 1. The solutions of the last three equations are 
m=3a+3,m=58+3, m=4y+2 for any integers a 20, B 20, y=0. 
Considering the two equations 
Ja=3a+3, 5B =4y-1, 
we get the respective solutions 
a=3(r+1) (so that, m=21(r+ 1) for any integer r>0), 
and 
B =4w +3 (so that, m=5(4w + 3) +3 =2(10w +9) for any integer w= 0). 
Next, we consider the combined Diophantine equation 
21r=20w-3, 
which shows that w must be a multiple of 3, say, 
w =3t for some integer t2 1. 
Thus, we need to consider the equation 
Tr =20t-1, 
whose solution is 
t=7s+6 for any integer s 20. 
Therefore, 
w=3t=3(7s+ 6). 
Hence, finally 
m=20w + 18=60t+ 18 = 60(7s +6) + 18, 
which gives the desired result after some algebraic manipulation. m 


To find SS(60m) when m is a multiple of 7, let m=7a for some integer a> 1. We first state 
and prove the lemma below. 


Lemma 6.5.22 : SS(420a) = 420a—6 if a=6s +5, s20. 
Proof : We start with 


[ (4208 — 1)(420a — 2)(420a — 3)(420a — 4)(420a — 5)] 
6! 





420a 





=420a[ (420a — 1)(210a — pees — 1)(105a — 1)(84a — D] 


Then, we have to find the condition such that the term inside the square bracket is an integer. To 
do so, we consider the case when 3 divides 140a — 1 and 2 divides 105a—1, so that 


140a=3a+1, 105a =2ß +1 for some integers a and ß. 
The solutions of the above equations are 

a=3b+2,a=2c+1;b (20) and c (20) being integers. 
And the solution of the combined equation 3b=2c—1 is 

b=2s+ 1 for any integer s 20. 
Therefore, we finally get 

a=3(2s+1)+2=6s+5,s20. 
This establishes the lemma. m 
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However, note that, SS(420a) # 420a—7, which is evident from the expression below : 


420a[ (420a — 1)(420a — 2)(420a — ee — 4)(420a — 5)(420a — 6)] 


= 420a[ 4208 = DE 10a = 40a = 1)(105a = 1X84a = Oa =) 





Now, consider 





di | abate GMa Nabe NSA SNS SAID] 


When a is of the form 
a=8b+1, b21, 
then 105a— 1=8(105b + 13) is divisible by 8, and consequently, 


SS(420a) = 420a — 8 when a= 8b+ 1, b=0. 
Next, consider 
420a (420a — 1)(210a — 1)(140a — 1)(105a = a 1)(70a — 1)(60a — 1)(105a — a 
Here, one of the two numbers 105a—1 and 105a—2 is even, depending on whether a is odd or 
even. Now, there are two possibilities : Either 9 divides 140a—1, or else, 9 divides 70a—1. It 
can easily be be verified that 140a—1 is divisible by 9 if a is of the form a=9b+2, b=0, and 
70a—1 is divisible by 9 if a=9c+4, c 20. Thus, 
SS(420a) = 420a — 9 when a=9b+ 2, b2 0; or when a=9c +4, c20. 
Now, consider 


(420a — 1)(210a — 1)(140a — 1)(105a — 1)(84a — 1)(70a — 1)(60a — 1)(105a — 2)(140a — 3)(42a — D] 
2x3x11 ; 











420a[ 


Here, one of the ten terms in the numerator inside the square bracket is divisible by 11, provided 
that ais not a multiple of 11. Also, note that, one of (105a—1) and (105a—2) is even; and one of 
the three numbers 140a—1, 70a—1 and 140a—3 is divisible by 3. Thus, if a is not a multiple of 
11, then 


SS(420a) =420a—11, if a is an integer, not of the form 8b + 1, or 9c +2. 


The above discussions are summarized in the lemma below, where part (4) is just a 
restatement of Lemma 6.5.21 : 


Lemma 6.5.23 : We have the following result : 

(1) SS(420a) =420a—8, when a=8b+1, b>0,a#6s +5 for any s20, 

(2) SS(420a) = 420a—9, when a=9b +2, b20; or when a=9c +4, c20, 

(3) SS(420a) = 420a- 11, if a is not of any of the forms 8b+ 1, 9c +2, 9d+4, 
(4) SS(420a) = 420a— 10, if a=6(10s +9) for any integer s>0. 


Example 6.5.3 : By (the first part of) Lemma 6.5.19, SS(300) = 294, SS(660)=654; and by 
the second part, SS(60) =53, SS(120) = 113, SS(180) = 173, SS(240) = 233, SS(360) =353. Also, 
(by the third part of Lemma 6.5.19), SS(3780) = 3772. By Lemma 6.5.20, SS(1680) = 1671, 
SS(840) = 831. By Lemma 6.5.21, SS(22680) = 22670. By Lemma 6.5.22, SS(2100) = 2094. And 
by Lemma 6.5.23, SS(420) = 412, SS(840) = 831. 


From Lemmas 6.5.1 — 6.5.23, we see that, given any integer k with 2<k<11, there is an 
integer n such that SS(n) =n—k. Some generalizations are given in the following lemmas. 
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Lemma 6.5.24 : SS(2mp) =2mp —3 if the prime p#3 and 3 does not divide the integer m. 
Proof : Consider the expression below : 


mp [EDE — 2] oyppf mp = Lemp — 1] 


If p43 and 3 does not divide m, then the term inside the square bracket is an integer. m 





Lemma 6.5.25 : SS(6mp)=6mp—4 if one of m and p is of the form 4a+1, and the other 
one is of the 4b +3 (for some integers a20 and b= 0). 
Proof : Consider the expression 
6mp — 1)(6mp — 2)(6mp — 3 6mp — 1)(3mp — 1)(2mp - 1 
é mpl mE = W6mp = 2N6mp— 3] - omp[ Om — DGM - Amp - D], 


2x3x4 








Now, if, for example, p=4a+ 1, m=4b+3 for some integers a> 0 and b= 0, then 
3mp—1=3(4a+ 1)(3b+3)—1=4(4ab+ 3a+b+2), 
which is divisible by 4. m 


Lemma 6.5.26 : Let p (23) be a prime and m (= 1) be an integer such that the condition of 
the above Lemma 6.5.25 is not satisfied. Let p#5, and 5 do not divide m. Moreover, let p and m 
satisfy any one of the following sets of conditions (for some integers a (= 0) and b (> 0)) : 
Set 1: m=5a+1, p=5b+4, 
m=5a+2, p=5b+2, 
m=5a+3, p=5b+3, 
m=5a+4, p=5b+1; 
Set 2: m=5a+1, p=5b+3, 
m=5a+2, p=5b+4, 
m=5a+3, p=S5a+l, 
m=5a+4, p=5b+2; 
mp # 20s +3, s20; 
Set 3: m=5a+1, p=5b+2, 
m=5a+2, p=5a+1 
m=5a+3, p=5b+4, 
m=5a+4, p=5b+3; 
mp #20s+7,s=0; 
Set 4: m=5a+1, p=5b+1, 
m=5a+2, p=5b+3, 
m=5a+3, p=5b+2, 
m=5a+4, p=5b+4; 
3mp¥#20s+ 13, s21. 
Then, 
SS(6mp) = 6mp—5. 
Proof : We start with 
6mp| E1? — 1)(6mp — 2)(6mp — 3)(6mp — 2] z smp E - 1)3mp - pap - 1)(3mp - 2], 


2x3x4x5 








Now, one of 3mp- 1 and 3mp—2 is even. Consequently, to prove the lemma, it is sufficient to 
find the conditions such that any of 6mp- 1, 3mp—1, 2mp—1 and 3mp —2, is divisible by 5. 

It can easily be verified that 3mp—2 is divisible by 5 whenever any of the four conditions in the 
first Set 1 is satisfied. For example, when m=5a+ 1 and p = 5b + 4, then 
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3mp—2=(Sa+ 1)(5b+4)—2 =5(15ab + 12a+3b+2). 


Again, if any of the four conditions in Set 2 is satisfied, then 2mp — 1 is divisible by 5. For 
example, with the first condition in Set 2, we have 
2mp—1=2(5a+ 1)(5b+ 3)—2 =5(10ab + 6a+ 2b+ 1). 


However, note that, in this case, even if 5 divides 2mp—1, we need the extra condition that 4 
does not divide 3mp—1 (otherwise, SS(6mp) # 6mp—5). Thus, we find the condition such that 4 
divides 3mp- 1, and hence, we get the following two Diophantine equations : 
2mp—1=5x, 3mp- 1 =4y for some integers x (21) and y (2 1). 
These two equations, when combined together, leads to the Diophantine equation 
15x =8y-1 
with the solution 
Xx=8s+1, y=15t+2 (s (20) and t (= 0) being any integers). 
Therefore, 
2mp =5x + 1=5(8s+ 1)+1=2(20s +3). 
Thus, the condition 
mp 420s +3,s20, 
guarantees that 4 does not divide 3mp- 1. 
Now, if any of the four conditions in Set 3 is satisfied, then 5 divides 3mp—1. For example, 
with m=5a+ 1 and p=5b+2, we have 
3mp— 1 =3(5a+ 1)(5b+2)—1=5(15ab+ 6a+b+1). 
In this case also, we require the additional condition that 4 does not divide 3mp—1. To do so, 
we consider the following two Diophantine equations 
3mp—1=5x, 3mp—1=4y, 
whose solutions are 
x=4(a+ 1), y=5(t+ 1) for any integers a (= 0) and t (20). 
Therefore, 
3mp=5x+1=20a+21, 


which shows that a must be a multiple of 3, say, a=3s for some integer s (21). Then, 
mp =20s +7, s20. 


Finally, as can easily be checked, any of the four conditions in Set 4 guarantees that 5 divides 
6mp-—1. As an example, consider the first condition in Set 4; here, we get 


6mp— 1 =6(5a+ 1)(5b+ 1)—1 =5(20ab + 6a+ 6b + 1). 
In this case, the condition that ensures that 3mp-— 1 is not a multiple of 4 is : 
3mp #20s+13,s21. 


All these complete the proof of the lemma. m 


Example 6.5.4 : We give below some examples illustrating each set in Lemma 6.5.26. 
Note that, Lemma 6.4.26 is to be applied in conjunction with Lemma 6.4.25. 


SS(114)= 109, SS(84) =79, SS(54)=49, SS(264) =260 (Set 1), 
SS(78) = 73, SS(228) = 223, SS(198) = 193, SS(168) = 163 (Set 2), 

but SS(18)= 14 (why?), SS(1218) = 1214 (why?), SS(2418) = 2414 (why?), SS(378) = 374 (why?), 
SS(252) = 247, SS(132) = 127, SS(342) = 337, SS(72) =67, 

but SS(42)=38 (why?), SS(1722) = 1718 (why?), SS(522) = 518 (why?), SS(162) = 158 (why?), 
$S8(396)=391, SS(156)=151, SS(126)=121, SS(456)=451. 
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Remark 6.5.4 : Here, we give an alternative method of proof of Lemma 6.5.26. To do so, 
we have to consider the following four possible cases : 
Case 1. When m=5a+1 for some integer a> 1. Then, 
3mp—2=15ap+ (3p — 2). 
We now want to find the condition such that 5 divides 3p—2. Thus, we get 
3p—2=5x for some integer x2 1. 
The above equation has the solution p= 5b +4 for any integer b> 1. 
Case 2. When m=5a+ 2 for some integer a= 1. In this case, 
3mp—2= 15ap+ (6p — 2), 
and the condition that 5 divides 3mp—2 leads to the Diophantine equation 
6p—2=5y for some integer y= 1. 
The solution is found to be p=5c +2, c= 1 being an integer. 
Case 3. When m=5a+3 for some integer a> 1. Here, 
3mp—2= 15ap + (9p — 2). 
We now want to find the condition that 5 divides 9p —2. Thus, we have 
9p—2=5z for some integer z2 1, 
whose solution is p=5d+3, d= 1 being an integer. 
Case 4. When m= 5a +4 for some integer a> 1. Here, 
3mp—2= 15ap+ (12p — 2), 
and the condition that 5 divides 3mp—2 gives rise to the Diophantine equation 
12p—2=5u for some integer u2 1, 
with the solution p = 5e + 1 for any integer e2 1. 
We thus get the four conditions in Set 1, any of which guarantees that 5 divides 3mp —2. 
Proceeding in the same way, we get the four conditions in Set 2, any of which ensures 
that 5 divides 2mp—1. However, in this case, in addition, we have to ensure that 4 does 
not divide 3mp—1. To do so, we solve the simultaneous Diophantine equations : 
2mp- 1 = 5x, 3mp—1=4y for some integers x2 1, y21. 
The combined Diophantine equation is 15x = 8y — 1, with the solutions 
x=8s+1, y=15t+2 for any integers x 2 1 and y2 1. 
Then, 
mp=20s+3, s21. 
Hence, if the above relationship is satisfied, we have SS(6mp) = 6mp — 4. 
Any condition in Set 3 guarantees that 5 divides 3mp -— 1. Here also, we have to ensure 
that 4 does not divide 3mp- 1, and so, we consider the two simultaneous equations 
3mp- 1 = 5x, 3mp—1=4y for some integers x 2 1 and y=1, 
whose solutions are 
x=4(s+1), y=5(t+ 1); s21 and t= 1 being any integers. 
Now, 
3mp=5x+1=20s+21, 
and hence, 3 must divide s. Let s=3a for some integer a= 1. Thus, finally, we get 
mp=20a+7, a20, 
and the violation of the above condition ensures that SS(6mp) = 6mp — 5. 
Finally, to find the conditions such that 5 divides 6mp—1 but 4 does not divide 3mp—1, 
we solve 
6mp=5x+1, 3mp =4y + 1 for some integers x2 1 and y2 1. 
The first equation gives the four conditions of Set 4, while the combined equations give 
3mp=20s+ 13, s2>1, 
the violation of which guarantees that SS(6mp) = 6mp — 5. 
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We now consider the case when m=5, that is, the case of SS(30p), p (2 3) being a prime. 


Corollary 6.5.9 : SS(30p) = 30p —4, if the prime p is of the form p=4s +3, s 20. 
Proof : follows from Lemma 6.5.25. m 


However, we have the following lemma. 


Lemma 6.5.27 : For any prime p, (1) SS(30p) #30p—5, (2) SS(30p) # 30p —6. 
Proof : From the expression 


(30p — 1)(30p - 2)(30p — 3)(30p - 4) 
20) [eee | 3 


part (1) is evident. The proof of part (2) is similar. m 
Lemma 6.5.28 : SS(30p) = 30p—7, if the prime p (#7) is of the form p=4s+1,s21. 
Proof : Consider the expression 


(30p — 1)30p — 2)30p — 3)30p — A30p — 5)G0p — 6) 
30p [ 2x3x4x5x6x7 ] 








30p - 1)(15p — 1)(10p - D 5p - 2)(6p - 1)(Sp - 1 
=30p| £ p= DUSp - D( ee p — 2)(6p — D(Sp )]. 


Now, one of of the two numbers 15p—1 and 15p—2 is even. Therefore, since p#7, the term 
inside the square bracket is an integer. m 


Next, we confine our attention to the function SS(60p), where p is a prime. 
Lemma 6.5.29 : For any prime p, (1) SS(60p) # 60p —4, (2) SS(60p) # 60p—5. 
Proof : Part (1) is evident from the expression below : 


60p — 1)(6 2)(60p — 3 6 1)(30p — 1)(20p — 1 
sop [602 = 1160p = 2660p = 39] 60p[ 62 -D60 -Dew - D7, 


The proof of the remaining part is similar. m 














Lemma 6.5.30 : SS(60p) = 60p— 6, if the prime p is of the form p = 3s +2, sẹ 1. 
Proof : We start with 


(60p — 1)(60p — 2)(60p — 3)(60p — 4)(60p - 5) 
60p [ 2x3x4x5x6 ] 


-1 - 1)(20p - )(15p — (2p - 1 
=60p| © )G0p = D¢ p )USp = DA2p )]. 








Now, 15p—1 is even when p is an odd prime. It is thus sufficient to find the condition that 3 
divides 20p— 1, that is, we have to solve the Diophantine equation 


20p =3a+ 1 for some integer a> 1. 

The solution of the above equation is p=3s+2, s2 1, which is the desired condition such that 
SS(60p) = 60p— 6. 

All these complete the proof of the lemma. m 


Lemma 6.5.31 : Let p (2 11) be a prime such that p4#3s +2, s> 1. Then, SS(60p) = 60p—7. 
Proof : We consider 


60 pop — 1)(60p — 2)(60p — 3)(60p — 4)(60p — 5)(60p — ©] 
p 2x3x4x5x6x7 > 


= 60p [62—26 = D20 = DAUSp = DU2p = DAOP = 17, 





The result is now evident from the above expression (since 7 does not divide p). m 
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Lemma 6.5.26 gives an expression of SS(6mp) under the restrictive condition that none of 
m and p is divisible by 5. We now consider the case of SS(30mp), where m (21) is an integer 
and p is a prime. The following lemma is simple, and the proof is left for the reader. 


Lemma 6.5.32 : For any integer m (= 1) and for any prime p (23), 
SS(30mp) 4 30mp —3. 
Proof : is evident from the following expression : 


(30mp — 1)(30mp — 2) (30mp — 1)(.5mp — 1) 
30mp [ Comp = DGOmp —?)] = 30mp [ Comp = Comp — 0] 
since the term in the numerator inside the square bracket on the right side is not divisible by 3. m 


However, we have the following lemma. 


Lemma 6.5.33 : Let m (= 1) be an integer and p (= 3) be a prime. Then, 
SS(30mp) = 30mp — 4, 
if and only if mp =4s +3 for some integer s = 0. 
Proof : We consider the expression 


30mp[ Som = tgm = 2)(30mp = 3)]_ 39 mp{ Gome — DUSmp = Dd0mp = D] 








Then, the term inside the square bracket is an integer if and only if 4 divides 15mp-— 1, that is, 
15mp =4a + 1 for some integer a (= 1). 

The solution of the above Diophantine equations is 
mp =4s +3, s=0 being an integer. 

We thus get the desired condition to be satisfied by m and p such that SS(30mp) = 30mp—4. m 


From the condition of Lemma 6.5.33, we see that, m must be odd. When m = 1, the 

condition of Lemma 6.5.33 becomes 
p=4s+3 for some integer s> 0. 

When p=3 (corresponding to s=0), we get, by Lemma 6.5.33, SS(30x1x3)=SS(90) =86. The 
next prime is p=7 (for s= 1), with SS(210) = 206. A few more solutions are p= 11 with 
SS(330) = 326, p=19 with SS(570) =566, p=23 with SS(690) = 686, p=31 with SS(930)=926, 
and p=43 with SS(1290) = 1286. When m=3, the condition takes the form 3p= 4s +3, with the 
solution p=4a+ 1 (a2 1 being an integer). The first few functions in this case are SS(450) = 446, 
$S(1170) = 1166, SS(1530) = 1526, SS(2610) = 2606, SS(3330) = 3326, SS(3690) = 3686, 
SS(4770) = 4766 and SS(5490) = 5486. When m=5, the condition is 5p=4s+3, which gives the 
solution p= 4b + 3 (b 2 0 being an integer). In this case, for small values of p, we get the 
functions S$S(1050) = 1046, SS(1650) = 1646 and SS(2850) = 2846. For m=7, the condition 
becomes 7p =4s +3 with the solution p=4c+1 (c2 1 is an integer). Some of the functions 
obtained in this case are SS(2730) =2726, SS(3570) = 3566, SS(6090) = 6086, SS(7770) = 7766 
and SS(8610) = 8606. 


Lemma 6.5.34 : For any integer m (= 1) and for any prime p (= 3), SS(30mp) 4 30mp — 5. 


Proof : Considering the expression 


30mp| (30mp — 1)30mp — 2)(30mp — 3)(30mp — 4) 


2x3x4x5 











= (30mp — 1)(15mp — 1)\(10mp — 1)(15mp — 2) 
30mp| x5 ], 
the result follows readily. m 


Lemma 6.5.35 : SS(30mp) = 30mp —6 if mp =2(6s + 5), s 20 being an integer. 
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Proof : We start with 


ees — 1)30mp — 2)(30mp — 3)(30mp — 4)(30mp — >) | 
2x3x4x5x6 


= 30mp[ 60m2 — DASmp — DA Omp — 1)1Smp — 2X6mp — 1], 


30mp 





Now, we have to find the condition such that the term inside the square bracket is an integer. 
To do so, we consider the case when 3 divides 10mp-— 1 and 4 divides 15mp-2. Thus, we 
have the following two Diophantine equations : 


10mp =3a+ 1, 15mp=4b+2 for some integers a2 1, b21. 
The solutions of the above equations are 
mp =3c+1, mp=4d+2 (c2 1 and d= 1 being integers) 
respectively. Next, we consider the combined equation, namely, 3c = 4d + 1, whose solution is 
c=4s+3, s20 being any integer. 
Hence, finally, we get 
mp =3(4s+3)+1, 
which gives the desired condition after simplification. m 


It may be remarked here that, another possibility in the proof of Lemma 6.5.35 is that 3 
divides 10mp—1 and 4 divides 15mp—1; but then, SS(30mp) = 30mp—4. From Lemma 6.5.35, 
we see that m must be an even integer in order that the condition therein is satisfied; in fact, 
letting m= 2x, the condition becomes xp=6s+5, which has a solution if and only if (x, 6)=1. 
For example, when m = 2, the condition reads as p= 6s +5, and we get successively the 
functions SS(300) = 294 (when p = 5), SS(660) = 654 (when p= 11), SS(1020) = 1014 (when 
p = 17), SS(1380) = 1374 (when p = 23), and SS(1740) = 1734. However, when m = 4, the 
condition becomes 2p=6s+5, which has no solution. Again, for m=6, the condition takes the 
form 3p=6s+5, which has no solution. There is no solution when m=8 (since the condition is 
4p =6s +5). But, for m= 10, the condition becomes 5p = 6s + 5, which possesses a solution, 
namely, p=6a+7 (a20 being an integer). The first few functions corresponding to this case are 
SS(2100) = 2094, SS(3900) = 3894 and SS(5700) = 5694. For m= 12, the condition becomes 
6p =6s+5, which clearly has no solution. But when m= 14, the condition can be rewritten as 
7p =6s+5, with the solution p=6b+5 (b20 being an integer). Some of the functions in this 
case are SS(4620) = 4614, SS(7140) =7134, SS(9660) = 9656 and SS(12180) = 12174. 


Lemma 6.5.36 : If none of m and p is divisible by 7, mp +4s +3, and mp #2(6t+5) (for 
any integers s 2 1 and t= 1), then 
SS(0mp) = 30mp—7. 
Proof : is left as an exercise. m 


The following lemma is simple, and the proof is left for the reader. 


Lemma 6.5.37 : For any integer m (= 1) and for any prime p (23), 
(1) SS(60mp) # 60mp —4, (2) SS(60mp) #60mp—5. 


Lemma 6.5.38 : Let m (2 1) be an integer and p (2 5) be a prime such that mp = 6s +5 (for 
some integer s 2 1). Then, SS(60mp) = 60mp — 6. 
Proof : follows from Lemma 6.5.35. m 


Lemma 6.5.39 : If none of m and p is divisible by 7, and mp + 6s +5 (for any s= 1), then 
SS(60mp) = 60mp—7. 
Proof : is left as an exercise. m 
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We now focus our attention to the function SS(210mp). The proof of the lemma below is 
easy, and is left as an exercise. 


Lemma 6.5.40 : SS(210mp) #210mp—3 for any integer m (2 1) and any prime p (2 3). 


But we have the following result. 


Lemma 6.5.41 : SS(210mp) = 210mp —4, if mp =4s + 1, s2 1 being an integer. 
Proof : We start with 


210mp — 1)(210mp — 2)(210mp — 3) 
210mp| Cm aa p= 2)] 


=210mp| (210mp — vi — 1)(70mp — D], 








Now, noting that the term inside the square bracket is an integer if and only if 105mp-— 1 is 
divisible by 4, we get the equation : 
105mp =4a+ 1 for some integer a2 1. 


The solution of the above Diophantine equation is mp =4s + 1. m 


For any odd prime p, the equation mp =4s+ 1 (s2 1) has a solution if and only if m is an odd 
integer. For example, when m= 1, the condition is simply p=4s+1, and the first few primes of 
this form are p=5, 13, 17, 29, with SS(1050) = 1046, SS(2730) = 2726, SS(3570) = 3566 and 
SS(6090) = 6086. When m= 3, the condition becomes 3p=4s +1, with the solution p=4t+3 
(t2 1). Corresponding to this case, we get the functions SS(1890) = 1886, SS(4410) = 4406, 
SS(6930) = 6926. When m=5, the condition is 5p=4s+1 with the solution p=4v+1 (v2 1). 
The first few functions corresponding to this case are SS(5250) =5246, SS(13650) = 13646 and 
SS(17850) = 17846. 


The proof of the following lemma is left to the reader. 
Lemma 6.5.42 : SS(210mp) #210mp—5 for any integer m (2 1) and any prime p (2 3). 


Lemma 6.5.43 : SS(210mp) = 210mp—6 if mp = 2(6s +5), s = 0 being an integer. 
Proof : Consider the expression below : 


(210mp — 1)(210mp — 2)(210mp — 3)(210mp — 4)(210mp — 5) 
210mp [ 2x3x4x5x6 ] 


=210mp| (210mp — 1)(105mp — Dorp D(105mp — 2)(42mp — v) 


We now consider the case when 3 divides 70mp-— 1 and 4 divides 105mp—2. Then, 
70mp=3a+ 1, 105mp = 4b +2 for some integers a21, b21. 

The solutions of the above Diophantine equations are respectively 
mp=3c+ 1, mp=4d+2 (c2 1 and d2 1 being integers). 


Combining together, we have the equation 3c =4d + 1, which gives the desired condition. m 





From Lemma 6.5.43, we see that, the condition mp =2(6s +5) is satisfied only if m is even. 
More specifically, letting m = 2y, the condition has a solution if and only if (y, 6) = 1. For 
example, when m=2, the condition becomes p=6s+5 (s20). In this case, we successively get 
the primes p=5, 11, 17, with SS(2100) =2094, SS(4620) =4614 and SS(7140) =7134. The next 
value of m for which there is a solution is m= 10. In this case, the solution is p=6t+7 (t20 
being an integer). The first few primes corresponding to this case are p=7, 13, 19, with 
SS(14700) = 14694, SS(27300) = 27294, SS(39900) = 39894. 
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The following lemma is easy to prove, and is left as an exercise for the reader. 
Lemma 6.5.44 : SS(210mp) #210mp—7 for any integer m (2 1) and any prime p (2 3). 


However, we have the result below. 


Lemma 6.5.45 : SS(210mp) = 210mp — 8 if one of the following conditions is satisfied : 
(1) mp=2(8s+ 1) (s=1 being an integer), (2) mp= 16t+ 11 (t=0 being an integer). 
Proof : We start with the following expression : 


(210mp — 1)(210mp — 2)(210mp — 3)(210mp — 4)(210mp — 5)(210mp — 6)(210mp - D] 


210mp| 2x3x4x5x6x7x8 





=210mp|[ (210mp — 1)(105mp — 1)(70mp — sep — 2)(42mp — 1)35mp — 1)(30mp - D] 


We now want to find the condition such that the term inside the square bracket is an integer. To 
do so, we have to consider the following two possible cases : 
Case 1. When 16 divides 105mp-2. 


In this case, we have the Diophantine equation 

105mp = 16a+ 2 for some integer a2 1, 
whose solution is mp = 2(8s+ 1), s> 1 being an integer. 
Case 2. When 16 divides 35mp- 1. 
Here, we have 

35mp = 16b+ 1 for some integer b> 1, 


with the solution mp = 16t+ 11, t= 0 being an integer. 
Thus, the proof is complete. m 


From part (1) of Lemma 6.5.45, we see that, if the prime p is odd, m must be even. In fact, 
letting m=2u (for some integer u2 1), the condition takes the form up=8s+1, which admits 
solutions only when (u, 8)=1. For m=2, the condition is p=8s+1, and the first few primes 
corresponding to this case are p=17, 41, 73, 89, which give the functions SS(7140) =7132, 
SS(17220) = 17212, SS(30660) = 30652 and SS(37380) = 37372. For m = 6, the condition 
becomes 3p=8s+ 1, with the solution p=8v+3 (v 20 being an integer). The first few functions 
corresponding to this case are SS(3780) =3772 (for p=3), SS(13860) = 13852 (for p=11) and 
SS(23940) = 23932 (for p=19). When m= 10 (for which the condition is 5p=8s+1), there is a 
solution, namely, p=8u+5 (u20 being an integer). In this case, to mention a few, we get the 
functions SS(10500) = 10492, SS(27300) = 27292, SS(60900) = 60892 and SS(77700) = 77692. 
When m= 14, there is a solution. In this case, the condition takes the form 7p=8s+1, which 
gives p= 8v +7 (v 20 being an integer). Here, we get the functions SS(20580) = 20572, 
SS(67620) = 67612 and SS(91140) = 91132. From part (2), we see that the condition admits 
solutions for p only when m is odd. For m=1, the condition is simply p=16t+11, and we get 
successively the primes p= 11, 43, 59, 107, with the respective functions SS(2310) = 2302, 
SS(9030) = 9022, SS(12390) = 12382, SS(22470) = 22462. When m=3, the condition takes the 
form 3p=16t+11 with the solution p=16w+9 (w=2 being an integer). A few functions in this 
case are SS(25830) = 25822, SS(45990) = 45982 and SS(56070) = 56062. When m = 5, the 
condition is 5p = 16t+ 11, with the solution p= 16r+15 (r2 1 being an integer). Some of the 
functions in this case are SS(32550) = 32542, SS(49350) = 49342 and SS(82950) = 82942. 


From Lemma 6.5.33, Lemma 6.5.35, Lemma 6.5.38, Lemma 6.5.41, Lemma 6.5.43 and 
Lemma 6.5.45, we see that we need to solve equations like mp = ax +b. It may be recalled here 
that, letting (m, a) =d, the equation has a solution if and only if d divides b. 
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Lemma 6.5.46 : SS(210mp) = 210mp — 9 if 
(1) mp=4(9s+11) (s=0 being an integer), (2) mp=2(18t+ 13), t4#4v+2 for any v20. 
Proof : We consider the expression below : 


(210mp — 1)(210mp — 2)(210mp — 3)(210mp — 4)(210mp — 5)(210mp — 6)(210mp — 7)(210mp — 3] 
2x3x4x5x6x7x8x9 





210mp[ 


=210mp| 





(210mp — 1)(105mp — 1)(70mp — 1)(105mp — 2)(42mp — 1)(35mp — 1)(105mp — 4] 
8x9 ? 


where we have to find the condition that the term in the numerator inside the square bracket is 
an integer. We consider the following two possibilities : 
Case 1. When 9 divides 35mp—1 and 4 divides 105mp-— 4. In this case 
35mp =9a+ 1, 105mp=4b+4 for some integers a2 1, b2 1, 
with the respective solutions 
mp =9c+8, mp =4d+4 for any integers c 2 0, d20. 
Then, the combined Diophantine equation is 9c =4d—4, whose solution is 
c=4(s+1), s20 being an integer. 
Therefore, 
mp = 36(s+1)+8=4(9s+11). 
Case 2 . When 9 divides 35mp-— 1 and 4 divides 105mp —2. Here, 
105mp =4e + 2 for some integer e = 0, 
with the solution 
mp =4w +2 for any integer w= 0. 
Then, considering the combined equation, 9c =4w—6, we get the solution 
c=4t+ 2, t20 being an integer, 
with 
mp = 9(4t+ 2) + 8=2(18t+ 13). 
However, note that, when t=4v +2, v 20, then 
mp =2[89v+6)+ 1], 
which shows, by part (1) of Lemma 6.5.45, that SS(210mp) = 210mp —8. Otherwise, 
SS(210mp) =210mp—9. m 


Lemma 6.5.47 : SS(210mp) = 210mp— 10 if mp = 12(10s + 9) (s=0 being an integer). 
Proof : We consider the following expression : 


(210mp — 1)(210mp — 2)(210mp — 3)(210mp — 4)(210mp — 5)(210mp — 6)(210mp — 7)(210mp — 8)(210mp — 2] 
2x3x4x5x6x7x8x9x10 





210mp[ 





(210mp - 1)(105mp — 1)(70mp - 1)(105mp — 2)(42mp - 1)(35mp - 1)(105mp - 4)(70mp - 3] 


=210mp [ 3x5x16 


We consider the case when 3 divides 70mp—3, 5 divides 42mp—1 and 8 divides 105mp —4. 
Then, 

70mp = 3a+3, 42mp= 5b + 1, 105mp = 8c + 4 for some integers a> 1, b2 1, c21, 
with the respective solutions 

mp =3x+3, mp=5y+3, mp=8z+4 for any integers x 2 0, y20, z20. 
The solution of the first two equations is x =5(d+ 1), which gives 

mp = 15(d+ 1) +3=3(5d+6), d=0 being an integer. 


Combining with the third equation, we get 15d=8z—14, whose solution is d=2(4s +3), s20. 
Then, 

mp = 30(4s + 3)+ 18=12(10s +9), 
which we intended to find. m 
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Lemma 6.5.48 : Let mp be not be divisible by 11. Then, 
SS(210mp) = 210mp—11 if mp = 12(s + 1) (s 20 being an integer). 
Proof : To prove the lemma, we start with the expression : 








A [ 210m = 1)(210mp — 2)(210mp — 3)(210mp - 4)(210mp — 5)(210mp — 6)(210mp — 7)(210mp — 8)(210mp — 9)(210mp — 10) 
mp 2x3x4x5x6x7x8x9x1 Ox1 1 

E [20 - 1)(105mp - 1)70mp - 1)(105mp - 2)(42mp - 1)65mp - 1)(105mp - 4)(70mp - 3)(21mp - D] 
=210mp zell ' 


We now consider the case when 3 divides 70mp-—3 and 4 divides 105mp-—4. Then, 
70mp=3a +3, 105mp = 4b +4 for some integers a21, b21, 

with the solutions 
mp =3(c+ 1), mp=4(d+ 1), for any integers c 20, d=0, 

respectively. Now, the combined equation is 3c =4d + 1, whose solution is c= 4s +3, s 20. Then, 
mp=3(4s+3)+3, 

which gives the desired condition. m 


In the examples following Lemma 6.5.41, Lemma 6.5.43 and Lemma 6.5.45, we have seen 
that, in each case, for the admissible values of the integer m, the prime p can be found from the 
equation involving mp. But, the situation is different in case of Lemma 6.5.46, Lemma 6.5.47 
and Lemma 6.5.48, in the sense that, in each case, though the possible values of mp are known, 
it might be complicated to solve the equation in mp for p. From part (1) of Lemma 6.5.46, we 
get the functions : 

SS(9240) = 9231, SS(16800) = 16791, SS(24360) = 24351, SS(31920) =31911, 
while part (2) gives the functions below : 

SS(5460) = 5451, SS(13020) = 13011, SS(28140) = 28131, SS(35700) = 35691. 
Recall that, part (2) is valid if t#4v +2 for any v 20; otherwise, we get the functions below : 

SS(20580) = 20572, SS(50820) = 50812, SS(81060) = 81052. 
Lemma 6.5.47 gives the following functions : 

SS(22680) = 22670, SS(47880) = 47870, SS(73080) = 73070, SS(98280) = 98270. 
Some of the functions obtained from Lemma 6.5.48 are 

SS(2520) = 2509, $S(5040) = 5029, SS(10080) = 10069. 


Lemma 6.5.48 assumes that 11 does not divide mp. What happens if 11 divides mp? It thus 


remains an open problem to find SS(11x210mp), where 11 does not divide mp. In this context, 
the lemma below gives a partial answer. 


Lemma 6.5.49 : Let mp =11(4s +4) for any integer s > 0. Then, SS(210mp) = 210mp—4. 
Proof : Writing mp in the form mp=4(11s+8)+1, and then appealing to Lemma 6.5.41, 
we result follows immediately. m 


After studying the function SS(210mp) (to some extent), it is also of interest to study the 
behavior of the function SS(420mp). The following lemma is straight-forward to prove. 


Lemma 6.5.50 : For any integer m= 1 and any prime p= 3, 
(1) SS(420mp) #420mp —4, (2) SS(420mp) #420mp — 5, (3) SS(420mp) #420mp —7. 


Part (1) of Lemma 6.5.50 makes the difference between SS(420mp) and SS(210mp) (see 
Lemma 6.5.41). Using the corresponding results for SS(210mp), we can readily deduce the 
conditions such that SS(420mp) = 420mp—6, SS(420mp) =420mp — 8, SS(420mp) = 420mp — 9, 
SS(420mp) = 420mp— 10 and SS(420mp) =420mp — 11. 
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The following four corollaries give equations involving the function SS(n). 


Corollary 6.5.10 : The equation SS(n) =n—2 has an infinite umber of solutions. 
Proof : Let n be an odd integer of the form n=2m+ 1 for all m>3. Then, by Lemma 6.5.1, 
SS(n)=n-—2, which clearly possesses an infinite number of solution. m 


Corollary 6.5.11 : The equation SS(n) =n—3 has an infinite number of solutions. 
Proof : Let n be an even integer of the form n=2m, where m> 4 is such that 3 does not 
divide m. Then, by Lemma 6.5.3, such an n satisfies the given equation. m 


It may be mentioned here that, by virtue of Lemma 6.5.2, the solution of the equation given 
in Corollary 6.5.8 (that is, the equation SS(n) =n—2) is unique, while the equation SS(n)=n—3 
has other solutions as well (see, for example, Corollary 6.6.7 and Lemma 6.5.4). 


Corollary 6.5.12 : The equation SS(n) = SS(n + 1) has an infinite number of solutions. 
Proof : Let n and n+ 1 be two integers, not divisible by 3. Then, with n odd, 


SS(n)=n—-2=SS(n+1). m 


The following corollary involves three Smarandache type arithmetic functions. 


Corollary 6.5.13 : The equation S(n) + SS(n) = 2 Z(n) has an infinite number of solutions. 
Proof : Since S(p) =p, SS(p) = p—2, Z(p) =p—1 for any odd prime p, the result follows. m 


Given any integer n (2 1), there are n+ 1 binomial coefficients, namely, o , 0O<k<n; and 


for n (23) fixed, in general, there are two integers k such that n divides 4 , namely, k=1 and 


k=n-1. If n is an odd prime, then there are exactly two such numbers. But, in some cases, there 
are more than two. Consider the following example, which is one of the very extreme cases. 


Example 6.5.5 : Given SS(n)=n—k for some integers n (23) and k (1<k<n-—2), it is 
understood that k divides a (and k is the largest such integer, so that k+ 1 does not divide 


n 


a ). But is it possible that k—1 divides è 


): Consider the case n=57. Clearly, 57 divides 


each of a and (7). but 57 does not divide er In fact, SS(57) = 54. It can easily be 


checked that 57 divides a): In fact, 57 divides each of the next 14 binomial coefficients 


(from e ) through o ). Actually, of the possible 57 binomial coefficients, 51 of them is 
a : 57 57 57 57 57 57 ie 57 
divided by 57 (excepting ere 3 J A z a ). Note that 57 divides ( 6 ), 

though (57, 6) #1. 


The above example leads us to pose the problem below. 


Problem 6.5.1 : For a given integer n, let SS(n) =n—k. Find the number of integers k such 


me: n : : : 
that n divides h . Note that, in the worst situation, there are 2 elements. 
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Remark 6.5.5 : Since n = 42 divides (1 = argos, it follows that SS(42) = 38. 
Note that, k=4 divides a = 414032, In this particular case, n divides a and 
(n — 1) divides Ga Note that, SS(41) =39, SS(43) =41. In Example 6.5.5 above 


also, we would find several instances where n divides both a and fe | 


Like other Smarandache type arithmetic functions, particularly, the Smarandache function 
and the pseudo Smarandache function, the Sandor-Smarandache function also has many open 
problems which remain to be solved. We close this chapter, and therefore stop writing further, 
with the following comments, questions and open problems. 


Open Problem 6.5.1 : Find SS(6m), m#4s +3, when 11 divides m (see Lemma 6.5.18). 


Question 6.5.1 : Given any integer k (= 2), is it always possible to find an integer n such 
that SS(n) =n—k? 


If k=2, then by virtue of Lemma 6.5.1 (and Lemma 6.5.2), for any odd integer n, we have 
SS(n) = n—-2; and if k=3, then by Lemma 5.5.3, SS(n) =n-—3 for any even integer n, not 
divisible by 3. In fact, the proof of Lemma 6.5.3 shows that, SS(n) =n—3 for some integer n if 
and only if n is of the form n=2m, where m (24) is an integer not divisible by 3. Observe that, 
Lemma 6.5.9 gives a condition such that SS(p+ 1) =(p+1)—3, where p is a prime of the form 
p=6u+1. But what happens when k24? To find an integer n such that SS(n)=n—k, k24, we 
have to keep in mind two points : The first condition is that, such an n must be even, and 
secondly, 3 must divide n, that is, such an n must be of the form n=6m (for some integer m= 1). 
Lemma 6.5.6 deals with the case when SS(n)=n-—4. The proof of Lemma 6.5.6 shows that 
SS(6m) = 6m—4 if and only if m=4s+3 for some integer s (20). Lemma 6.5.7 gives a second 
instance, such that $S(30m)=30m-—4 under the condition specified. Lemma 6.5.10 shows that, 
under the given condition, we can find n such that SS(n) =n—4, while Lemma 6.5.11 gives the 
conditions on n such that SS(n) =n—5. Lemma 6.5.14 finds the conditions on the prime p such 
that SS(p + 1) =(p+ 1) -6. Lemma 6.5.18 gives the conditions on n such that SS(n) =n —-7, 
SS(n)=n-8, and SS(n)=n-— 11. Lemma 6.5.20 finds the condition such that SS(n) =n—9, and 
the condition for SS(n) =n— 10 is given in Lemma 6.5.21. We thus see that, given any integer k 
with 2<k<11, we can find n such that SS(n)=n~-k. In this context, we make the following 
conjectures. 


Conjecture 6.5.1 : Given any integer k, there is an integer n such that SS(n)=n-k. 
Conjecture 6.5.2 : Given any integer k, there is an infinite number of integers n such that 


SS(n) =n—k. 


In passing, we point out that the binomial coefficient can be expressed as 


n (n, (n— 1), ... (n —k + 1)) 
(p]=sLa v{ G26) }. 





where SL(n, k) (k <n) is the Smarandache LCM ratio function (of the second type), defined in 
Definition 6.4.2. This formula offers an alternative method of finding SL(n, k). For example, for 
k=2, since (1, 2)=1, (n, n—1)=2, we get 


staja a, 
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This book deals with some selected topics of Smarandache notions. Some of the 
materials are already published in different journals, but some are new and appear 
for the first time in this book. Except for the trivial and simple ones, all the results 
are provided with proofs. 

+ Chapter 1 gives the common characteristics shared by eight recursive type 
Smarandache sequences, namely, the Smarandache Odd, Even, Circular, 

Square Product (of two types), Permutation, Reverse, Symmetric and Prime 
Product sequences 

+ Chapter 2 deals with the Smarandache bisymmetric geometric determinant 
sequence, the Smarandache circulant geometric determinant sequence, and 
the Smarandache circulant arithmetic determinant sequence 

+ Chapter 3 treats the Smarandache function S(n) 

+ Chapter 4 considers the pseudo Smarandache function Z(n) 

+ Chapter 5 gives partial solutions of the Diophantine equations a? = b> + c? + be 
which arise in connection with the Smarandache function related 60-degree and 
120-degree triangles 

+ And the final Chapter 6 contains miscellaneous topics, six in number. They are : 
the Smarandache T-sequence, the Smarandache friendly numbers, the 
Smarandache reciprocal partition sets of unity, the Smarandache LCM ratio, and 
the Sandor-Smarandache function.The book contains a rather extensive study on 
the Sandor-Smarandache function.Several open problems are given. 


Pons Publishing House / Pons asbl 
Quai du Batelage, 5 

1000 - Bruxelles 

Belgium 








